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Sudghhs Gxeh| dqg Mrkq Jhdqdnrsorv
Devwudfw
Zh exlog d prgho ri frpshwlwlyh srrolqj/ zklfk lqfrusrudwhv dgyhuvh vhohfwlrq
dqg vljqdoolqj lqwr jhqhudo htxloleulxp1 Srrov duh fkdudfwhul}hg e| wkhlu txdqwlw|
olplwv rq frqwulexwlrqv1 Krxvhkrogv vljqdo wkhlu uholdelolw| e| fkrrvlqj zklfk srro
wr mrlq1 Lq htxloleulxp/ srrov zlwk orzhu txdqwlw| olplwv vhoo iru d kljkhu sulfh/
hyhq wkrxjk hdfk krxvhkrog*v gholyhulhv duh wkh vdph dw doo srrov1
Wkh UrwkvfklogVwljolw} prgho ri lqvxudqfh lv lqfoxghg dv d vshfldo fdvh1 Zh
vkrz wkdw e| uhfdvwlqj wkhlu k|eulg roljrsrolvwlf0frpshwlwlyh vwru| lq rxu shu0
ihfwo| frpshwlwlyh iudphzrun/ wkhlu vhsdudwlqj htxloleulxp dozd|v h{lvwv +hyhq
zkhq wkh| vd| lw grhvq*w, dqg lv xqltxh1
Nh|zrugv= frpshwlwlyh srrolqj/ lqvxudqfh/ dgyhuvh vhohfwlrq/ vljqdoolqj/ uhqhg
htxloleulxp/ vhsdudwlqj htxloleulxp
MHO Fodvvlfdwlrq= G7/ G8/ G74/ G85/ G;4/ G;5
4 Lqwurgxfwlrq
Wudglwlrqdo jhqhudo htxloleulxp wkhru| wuhdwhg lqvxudqfh dv d vshfldo fdvh ri vhfxulwlhv
zlwk frqwlqjhqw sd|rv1 D krxvhkrog zlwk orz hqgrzphqw lq vrph vwdwh frxog lq0
vxuh klpvhoi e| ex|lqj d vhfxulw| zklfk gholyhuhg zkhq kh prvw qhhghg wkh prqh|1
Zkdw lv plvvlqj iurp wklv wudglwlrqdo dssurdfk lv srrolqj1 Lq sudfwlfh/ dq lqvxu0
dqfh frpsdq| lvvxhv d jhqhulf frqwudfw/ wr sd| lq fdvh ri dfflghqw1 Glhuhqw folhqwv
vljq wkh vdph lqvxudqfh frqwudfw/ exw wkh| sxufkdvh wkhuhe| glhuhqw vhfxulwlhv/ eh0
fdxvh wkhlu dfflghqw vwdwhv duh glhuhqw1 Wkh vkduhkroghu lq wkh lqvxudqfh frpsdq|
lq hhfw krogv d srro ri glhuhqw oldelolwlhv1 Srrolqj lqhylwdeo| ohdgv wr dgyhuvh vh0
ohfwlrq ehfdxvh krxvhkrogv zlwk pruh suredeoh dfflghqw vwdwhv kdyh lqfhqwlyh wr wdnh
rxw pruh lqvxudqfh dqg wkhuhiruh whqg wr eh pruh wkdq sursruwlrqdwho| uhsuhvhqwhg
lq wkh srro1
Lq wklv sdshu zh ghyhors d vlpsoh wkhru| ri frpshwlwlyh srrolqj/ vwduwlqj iurp wkh
srlqw dw zklfk wudglwlrqdo jhqhudo htxloleulxp wkhru| vwrsshg1 Srrolqj hqfrpsdvvhv
pdq| h{dpsohv lq dgglwlrq wr lqvxudqfh1 D sulplwlyh h{dpsoh lv wkh odqg srro lq
zklfk krxvhkrogv frqwulexwh sduw ri wkhlu odqg wr d frpprq srro +ru frrshudwlyh,/
zkrvh froohfwlyh rxwsxw lv wkhq glvwulexwhg lq sursruwlrq wr wkh qxpehu ri dfuhv sxw
lq1 Vlqfh wkh rxwsxw ri glhuhqw odqg glhuv/ wkh vkduhkroghuv ri wkh frrshudwlyh
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uhfhlyh wkh dyhudjh rxwsxw dqg qrw wkh rxwsxw ri dq| vlqjoh frqwulexwru1 D pruh
prghuq h{dpsoh lv surylghg e| wkh kxjh pruwjdjh srrov wudghg rq Zdoo Vwuhhw1
Glhuhqw krphrzqhuv hvvhqwldoo| vhoo wkh vdph jhqhulf surplvh/ wr gholyhu '4 d prqwk
iru 63 |hduv/ exw ehfdxvh ri lglrv|qfudwlf suhsd|phqwv dqg ghidxowv/ wkhlu dfwxdo
gholyhulhv duh txlwh glhuhqw1 Vkduhkroghuv lq wkhvh srrov djdlq uhfhlyh wkh dyhudjh ri
wkh krphrzqhu gholyhulhv1
Lq rxu prgho/ dq djhqw k fkrrvhv wr vhoo * surplvhv lqwr srro m/ dqg lv reoljhg wr
gholyhu dq h{rjhqrxvo| suhvfulehg g shu surplvh1 Glhuhqw vhoohuv gholyhu glhuhqwo|/
exw wkhlu surplvhv fdqqrw eh glvwlqjxlvkhg1 Zh vxssrvh wkdw ex|huv dqg vhoohuv gr
qrw wudgh elodwhudoo|/ exw wkurxjk wkh dqrq|prxv srro1 Wkh ex|huv +vkduhkroghuv,












Wkh vkduhkroghu ri srro m grhv qrw nqrz/ ru qhhg wr nqrz/ wkh lghqwlwlhv ri wkh vhoohuv
ru wkh txdqwlwlhv ri wkhlu vdohv1 Doo wkdw pdwwhuv wr klp lv wkh sulfh  ri wkh vkduh
dqg wkh gholyhu| udwh N=
Srrolqj gudpdwlfdoo| uhgxfhv wkh lqirupdwlrq qhhghg wr ex| d glyhuvlhg sruwirolr
ri ulvnv= lqvwhdg ri iruhfdvwlqj lqglylgxdo gholyhulhv N iru pdq| glhuhqw lqglylgxdov
k/ d ex|hu qhhg rqo| frqfhuq klpvhoi zlwk d vlqjoh dyhudjh gholyhu| N1 Iljxulqj rxw
N iru rqh lqglylgxdo lv w|slfdoo| qr ohvv gl!fxow wkdq hvwlpdwlqjN iru d srro zlwk d
odujh srsxodwlrq1 Wkxv srrolqj ryhufrphv wkh frvwo| lqirupdwlrq surfhvvlqj sureohpv
lqkhuhqw lq pxowlsoh elodwhudo qhjrwldwlrqv/ dqg lv rqh uhdvrq zk| lw lv ehfrplqj vr
suhydohqw lq prghuq hfrqrplhv1
Wkh srrolqj dovr ohdgv wr dgyhuvh vhohfwlrq/ vlqfh d ex|hu pxvw zruu| wkdw xq0
uholdeoh vhoohuv zlwk d surfolylw| iru orzhu gholyhulhv zloo whqg wr vhoo pruh surplvhv
lqwr wkh srro/ zruvhqlqj wkh dqwlflsdwhg udwh N = Vljqdoolqj/ e| sxeolfo| frpplwwlqj
rqhvhoi wr d vpdoo txdqwlw| ri vdohv/ wkhuhiruh kdv dq lpsruwdqw uroh wr sod|/ ehfdxvh
lw vxjjhvwv wr wkh ex|hu wkdw gholyhulhv pd| eh pruh uholdeoh1 Wr lqfrusrudwh lw lq rxu
prgho/ zh vxssrvh wkdw wkhuh duh pdq| srrov m/ hdfk zlwk lwv rzq txdqwlw| olplw T
lpsrvhg rq vdohv lqwr wkh srro1 Qr rqh lv shuplwwhg wr vhoo lqwr pruh wkdq rqh srro1
Wklv rshqv xs wkh rssruwxqlw| iru djhqwv wr vljqdo wkhlu uhvwudlqw e| vhoolqj lqwr d
srro zlwk orz T1
E| hqdeolqj hdfk djhqw wr wudgh dqrq|prxvo| dv sduw ri d odujh djjuhjdwh/ srrolqj
douhdg| wdnhv xv sduw ri wkh zd| wrzdug shuihfw frpshwlwlrq1 Zh ixoo| jhw wkhuh
e| srvwxodwlqj wkdw doo djhqwv ylhz +T >  >N, dw hdfk srro m dv {hg1 Shuihfw
frpshwlwlrq wkxv ixuwkhu uhgxfhv wkh lqirupdwlrq d ex|hu uhtxluhv= wkhuh lv qr qhhg
iru klp wr iruhfdvw krz wkh gholyhu| udwh dw dq| srro zrxog ydu| li wkh sulfh zhuh
fkdqjhg/ vlqfh kh fdq*w fkdqjh wkh sulfh1
Wkh whupv T ri srro m duh vhw h{rjhqrxvo|/ mxvw dv wkh orfdwlrq/ gdwh/ dqg txdo0
lw| ri d frpprglw| duh lq wudglwlrqdo jhqhudo htxloleulxp wkhru|1 Wkh sulfhv / wkh
dqwlflsdwhg gholyhu| udwhv N/ dqg wkh wudghv dw hdfk srro m duh doo ghwhuplqhg hq0
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grjhqrxvo| dw htxloleulxp e| wkh pdunhw irufhv ri vxsso| dqg ghpdqg14 Lw zloo wxuq
rxw wkdw prvw srrov kdyh qr wudgh lq htxloleulxp/ dqg wkxv wkh txdqwlwlhv T ri dfwlyh
srrov pd| dovr eh wkrxjkw ri dv hqgrjhqrxv1
Dgyhuvh vhohfwlrq dqg vljqdoolqj kdyh ehhq uhfrjql}hg iru d orqj wlph e| wkh
exujhrqlqj hog ri frqwudfw wkhru|/ lq zklfk d fodvvlf sureohp lv krz lqvxudqfh frp0
sdqlhv zloo ghvljq frqwudfwv wr surwhfw wkhpvhoyhv iurp dgyhuvh vhohfwlrq1 Urwkvfklog
dqg Vwljolw} ^44` zurwh d slrqhhulqj duwlfoh lq wklv hog/ lq zklfk roljrsrolvwlf/ ulvn0
qhxwudo lqvxudqfh upv ghvljq d phqx ri frqwudfwv iru d frqwlqxxp ri sulydwh djhqwv
lq idfh0wr0idfh phhwlqjv1 Hdfk frqwudfw m vshflhv suhflvho| krz pxfk lqvxudqfh T
wr wdnh rxw dqg dw zkdw udwh / dqg folhqwv duh surklelwhg iurp fkrrvlqj pruh wkdq
rqh frqwudfw1 Qrw rqo| wkh whupv T/ exw dovr wkh sulfhv / duh ylhzhg dv sduw ri
wkh frqwudfw1 Wkh lqvxudqfh frpsdqlhv duh lpdjlqhg wr ghgxfh wkh fkdqjh lq uhol0
delolw| N ri wkh folhqwhoh wkdw zrxog eh iruwkfrplqj dv wkh| ydu| hlwkhu T ru  1
Urwkvfklog dqg Vwljolw} irxqg wkdw zkhq htxloleulxp h{lvwv/ rqo| wzr frqwudfwv duh
dfwxdoo| rhuhg/ zlwk uholdeoh djhqwv fkrrvlqj rqh dqg xquholdeoh djhqwv fkrrvlqj wkh
rwkhu1 Wkh| qrwhg/ krzhyhu/ wkdw wkhuh duh urexvw uhjlrqv lq zklfk qr htxloleulxp/
dv wkh| ghqhg lw/ h{lvwv1
Zh uhfdvw wklv vwru| lq rxu shuihfwo| frpshwlwlyh vhwwlqj/ uhwdlqlqj rqo| wkh frq0
wlqxxp ri djhqwv1 Zh gr qrw kdyh jdujdqwxdq/ ulvn0qhxwudo lqvxudqfh frpsdqlhv 
zh kdyh srrov1 Glyhuvh jurxsv ri vpdoo ulvn0dyhuvh krxvhkrogv wudgh surplvhv wkurxjk
wkhvh dqrq|prxv srrov1 Vlqfh wkh dvvhwv erxjkw duh srrov ri surplvhv/ dqg wkrvh vrog
shuplw lglrv|qfudwlf gholyhulhv/ wkh qhw hhfw lv wkdw krxvhkrogv lqvxuh hdfk rwkhu
wkurxjk wkh srrov1 Hyhu| djhqw lv d sulfh wdnhu1 \hw wkh prgho lv vxewoh hqrxjk wr
xqdpeljxrxvo| ghwhuplqh zklfk lqvxudqfh frqwudfwv zloo hphujh dv dfwlyho| wudghg1
Lw lv qrw wkh pdqdjhuv ri roljrsrolvwlf upv/ exw wkh lqylvleoh kdqg ri shuihfw frpsh0
wlwlrq wkdw wdnhv ryhu wkh uroh ri ghvljqlqj frqwudfwv1
E| uhfdvwlqj wkh k|eulg roljrsrolvwlf0frpshwlwlyh vwru| ri UrwkvfklogVwljolw} lq
rxu shuihfwo| frpshwlwlyh iudphzrun/ zh vlpsoli| wkh dqdo|vlv dqg rewdlq vwurqjhu
frqfoxvlrqv1 Htxloleulxp dozd|v h{lvwv lq rxu prgho +hyhq zkhq wkh| vd| lw grhvq*w,
dqg lv dozd|v xqltxh1
Lq rxu htxloleulxp dgyhuvh vhohfwlrq sod|v d surplqhqw uroh= wzr srrov l dqg m zlwk
lghqwlfdo gholyhulhv g @ g

 iru doo krxvhkrogv k/ vhoo qhyhuwkhohvv iru glhuhqw sulfhv
N @  A  @ N li T ? T 1 Iru doo exw wzr srrov wkhuh lv qr wudgh dw doo/ hyhq
wkrxjk hdfk srro T lv rshq dqg uhdg| iru exvlqhvv dw lwv htxloleulxp  @ N1 Wkh wzr
dfwlyh srrov fruuhvsrqg h{dfwo| wr wkh UrwkvfklogVwljolw} vhsdudwlqj htxloleulxp1
Shuihfwo| frpshwlwlyh srrolqj frqirupv wr pxfk ri wkh uhdo zruog1 D surplqhqw
h{dpsoh lv wkh vhfxulwl}hg sdvv0wkurxjk pruwjdjh pdunhw/ lq zklfk pdq| krphrzqhuv
pdnh wkh vdph surplvh exw gholyhu glhuhqwo|1 Wklv h{dpsoh lv ri sduwlfxodu lpsru0
wdqfh wr xv ehfdxvh lw looxvwudwhv wkh glhuhqfh ehwzhhq frpshwlwlyh dqg roljrsrolvwlf
ohqglqj1 Hyhu| pruwjdjh lv lvvxhg wkurxjk d edqn lq d rqh rq rqh phhwlqj ehwzhhq
ohqghu dqg eruurzhu1 Wkh frqwudfw wkhru| olwhudwxuh hpskdvl}hv wklv uhodwlrqvkls1
Exw prghuq ghyhorsphqwv kdyh gudpdwlfdoo| fkdqjhg wkh vlwxdwlrq1 Wkh edqnv duh
doorzhg wr lpphgldwho| vhoo wkh pruwjdjhv lqwr d srro/ pdqdjhg e| vrph djhqf|/
4 Lq wkh vlpsoh prgho ri srrolqj zh ghvfuleh/ lw lv dozd|v wkh fdvh wkdw Z ' g lq htxloleulxp1
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zklfk wkhq vhoov vkduhv1 Wkh ohqghuv duh uhdoo| wkh vkduhkroghuv lq wkh srro/ zkr
uhfrjql}h wkdw wkh| duh vr vpdoo wkdw qr pdwwhu krz pxfk wkh| ex|/ wkh| zloo qrw
dhfw wkh pruwjdjh udwhv wkdw wkh krphrzqhuv sd| ru wkh gholyhu| udwhv wkh| uhfhlyh1
Wkh edqnv gr qrw iru wkh prvw sduw kdyh dq| glvfuhwlrq ryhu zkhwkhu wr pdnh wkh
ordqv ru qrw1 Wkh srrolqj djhqf| suhvfulehv wkh fulwhuld iru ohqglqj/ dqg wkh edqn
vlpso| yhulhv wkhvh1 Wkh hfrqrplf dqdo|vlv wkxv surshuo| vkliwv iurp wkh jdph wkhr0
uhwlf ohyho ri ohqghu dqg eruurzhu lq idfh wr idfh frqwdfw/ wr wkh srro ohyho ri shuihfwo|
frpshwlwlyh/ dqrq|prxv vkduhkroghuv dqg eruurzhuv1 Wklv dqrq|plw| grhv qrw uxoh
rxw dgyhuvh vhohfwlrq ru vljqdoolqj1 Lqghhg wkh khduw ri pruwjdjh lqyhvwlqj lv wr xq0
ghuvwdqg zkhwkhu d srro frqvlvwv prvwo| ri uholdeoh ru xquholdeoh djhqwv1 Pruwjdjh
srrov glhu lq wkh pd{lpxp ordq T wkdw fdq eh wdnhq rxw1 Dv d uxoh/ srrov zlwk
vpdoohu ordqv T ihwfk ehwwhu sulfhv/ suhflvho| ehfdxvh wkh| vljqdo wkdw wkh eruurzhuv
duh pruh uholdeoh +wkh| ghidxow ohvv/ dqg duh ohvv vrsklvwlfdwhg lq suhsd|lqj,1 Dv d
uhvxow/ d krphrzqhu zlvklqj wr jhw d '533/333 pruwjdjh zloo jhw d ehwwhu lqwhuhvw
udwh wkdq d krphrzqhu zlvklqj wr wdnh rxw d '733/333 pruwjdjh1 Wkhvh pruwjdjh
srrov wrwdo dssur{lpdwho| '6 wuloolrq/ vr wkdw lw dsshduv pruh dqg pruh wrgd| wkdw
d vxevwdqwldo sduw/ li qrw |hw wkh pdmrulw|/ ri ohqglqj lv grqh wkurxjk srrov1 Fuhglw
fdug srrov/ lqflghqwdoo|/ frqvwlwxwh dqrwkhu yhu| vlplodu h{dpsoh1
Rxu wuhdwphqw lv upo| lq wkh wudglwlrq ri shuihfw frpshwlwlrq/ exw zlwk rqh
vljqlfdqw wzlvw1 Zkhq wkhuh lv qr wudgh lq d srro m/ srwhqwldo lqyhvwruv duh xqdeoh
wr ydolgdwh wkhlu dqwlflsdwhg N zlwk uhdol}hg gholyhulhv= N lv qrw ghqhg e| rxu




 @ 3= Li N zhuh doorzhg wr eh duelwudu|/ lw frxog eh
vr orz wkdw qr djhqw zrxog kdyh lqfhqwlyh wr mrlq srro m1 Wkxv djhqwv* zklpvlfdo
shvvlplvp frxog uhqghu dq| dg krf vhw ri srrov lqdfwlyh1 Wr ryhufrph wklv sureohp/
zh frqvlghu d vlpsoh htxloleulxp uhqhphqw1 Wkh lghd lv wr lqwurgxfh d fwlwlrxv
vhoohu +vd|/ wkh jryhuqphqw, zkr frqwulexwhv dq lqqlwhvlpdo % surplvh wr hdfk srro
dqg pdnhv xowuduholdeoh gholyhulhv %g A %pd{ g 1 Wklv {hv dqwlflsdwlrqv dw wkh
prvw rswlplvwlf ohyho wkdw lv frqvlvwhqw +dv zh vkdoo vhh, zlwk fdxwlrxv udwlrqdolw|1 Lq
vslwh ri wklv uhqhphqw/ pdq| srrov zloo eh lqdfwlyh dw htxloleulxp lq rxu prgho/ exw
wkhlu vhohfwlrq zloo qr orqjhu eh dg krf/ dqg lqghhg zloo eh xqltxh lq wkh frqwh{w ri
lqvxudqfh wkdw zh irfxv rq1 +Lq sduwlfxodu/ wkh uhqhg htxloleulxp zloo qrw ghshqg
rq wkh suhflvh gholyhulhv g ri wkh h{whuqdo djhqw/ vr orqj dv g lv xowuduholdeoh1,
Rqh fuxfldo glhuhqfh ehwzhhq wkh Urwkvfklog0Vwljolw} ghqlwlrq ri htxloleulxp
dqg rxuv fdq eh xqghuvwrrg lq whupv ri wkh dvvxpswlrq hdfk pdnhv derxw wkh uhold0
elolw| ri lqdfwlyh srrov1 Zh dujxh lq Vhfwlrq ; wkdw rxu fdxwlrxv rswlplvp lv qdwxudo
zkhq wkhuh duh pdq| ex|huv dqg vhoohuv lq shuihfw frpshwlwlrq1 E| frqwudvw/ wkh
h{shfwdwlrqv dwwulexwhg wr djhqwv e| Urwkvfklog dqg Vwljolw} duh qrw frpsdwleoh +wr
rxu zd| ri wklqnlqj, zlwk shuihfw frpshwlwlrq1
Lq wkh Urwkvfklog0Vwljolw} prgho/ htxloleulxp lv uhtxluhg wr eh lppxqh wr hqwu|
e| qhz lqvxudqfh frpsdqlhv zkr pljkw rhu d frqwudfw +T> , wkdw zrxog wxuq
d surw e| oxulqj krxvhkrogv dzd| iurp wkhlu rog frqwudfwv1 Rqh pljkw zhoo dvn
zkhwkhu rxu htxloleulxp lv lppxqh wr hqwu|1 Wkh dqvzhu lv wkdw zkdwhyhu qhz T
frxog eh lpdjlqhg lv douhdg| suhvhqw dqg hperglhg e| rqh ri wkh srrov m/ dqg lwv
dvvrfldwhg txdqwlw| olplw T @ T= Lwv sulfh  @ N @ N+T, lv vhw e| wkh pdunhw1
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Wklv eulqjv xv wr wkh vhfrqg fuxfldo glhuhqfh ehwzhhq wkh Urwkvfklog0Vwljolw} prgho
dqg rxuv1 Iru wkhp wkh whupv T ri d frqwudfw dqg wkh sulfh  hqwhu v|pphwulfdoo|1
Wkxv wkh| pxvw frqvlghu wkh srwhqwldo wudgh dw doo sdluv +T>,= Iru xv/ wkh whupv T
duh jlyhq h{rjhqrxvo|/ dqg wkh sulfhv  @ N duh ghwhuplqhg e| wkh pdunhw1 Khqfh
zh qhhg rqo| frqvlghu rqh N iru hdfk T1 Lq hhfw wkh| pxvw frqvlghu doo frqwudfwv lq
d vtxduh/ dqg zh qhhg rqo| orrn dw frqwudfwv dorqj wkh gldjrqdo1 Wkdw lv rqh uhdvrq
rxu htxloleulxp lv vlpsohu/ dqg zk| lw dozd|v h{lvwv1 Exw wkh uhpdlqlqj frqwudfwv duh
vwloo qxphurxv hqrxjk wr fdswxuh doo wkh uhohydqw hfrqrplfv ri dgyhuvh vhohfwlrq dqg
vljqdoolqj1
Shuihfw frpshwlwlrq qrw rqo| vlpsolhv wkh htxloleulxp/ exw dovr lwv uhqhphqw1
Lq wkh frqwudfw wkhru| olwhudwxuh/ zkhq wzr sduwlhv duh lq idfh0wr0idfh phhwlqjv/ dq
h{whqvlyh irup jdph lv fuhdwhg/ lq zklfk wkh uhqhphqwv duh ydvwo| pruh frpsoh{1
Wkh| uhtxluh djhqwv wr hqjdjh lq d orqj fkdlq ri k|srwkhwlfdo uhdvrqlqj derxw hdfk
rwkhu1 Iru h{dpsoh/ lq wkh uhqhphqw ri Fkr dqg Nuhsv ^6`/ k pxvw wklqn derxw
zkdw m wklqnv derxw zkdw hyhu| rwkhu sod|hu n +lqfoxglqj k klpvhoi, lv wklqnlqj
derxw/ lq rughu wr ghgxfh zkhwkhu m zloo eh deoh wr ghgxfh zkr kh lv ghdolqj zlwk1 Lw
suhvxssrvhv frpprq nqrzohgjh ri sulydwh/ lqglylgxdo fkdudfwhulvwlfv> dqg fdoov xsrq
hdfk djhqw qrw rqo| wr wklqn wkurxjk pdq| lwhudwlrqv/ exw wr eholhyh wkdw rwkhuv
duh grlqj olnhzlvh1 Rxu uhqhphqw vwudlqv fuhgxolw| ohvv1 Wkhuh lv qr k|srwkhwlfdo
uhdvrqlqj dqg qr fkdlq1 Djhqwv wklqn rqo| derxw wkh revhuydeoh pdfur djjuhjdwhv
N 1 Wkh frqfuhwh/ lqqlwhvlpdo dfwlrqv ri wkh h{whuqdo djhqw duh uhohydqw rqo| wkurxjk
wkhlu lpsdfw rq wkh N > lqghhg wkhlu sxusrvh lv wr uhqghu wkh N revhuydeoh1
Lq wkh prghuq zruog rqh vhhv pdq| h{dpsohv ri srrov ri surplvhv/ h1j1/ lqvxudqfh
srrov/ pruwjdjh srrov/ fuhglw fdug srrov/ dqg vr rq1 Riwhq hqwu| lqwr d srro lv vljqlhg
e| d yluwxdo surplvh zklfk lv lghqwlfdo dfurvv djhqwv1 Lw lv xqghuvwrrg/ krzhyhu/ wkdw
glhuhqw krxvhkrogv zloo dfwxdoo| gholyhu glhuhqwo|1 Wkh phfkdqlvpv e| zklfk wkhvh
glhuhqw gholyhulhv frph derxw lqyroyh rswlrqv dqg ghidxow +dqg jlyh ulvh wr prudo
kd}dug,1 Exw dv orqj dv dfwxdo gholyhulhv duh iruhvhhq/ wkh dqdo|vlv zh gr lq wklv sdshu
zloo uhpdlq uhohydqw lq wkh vwxg| ri htxloleulxp1 Lq rxu prgho khuh zh wdnh d vlpsohu
dqg pruh devwudfw dssurdfk lq wkdw wkh gholyhulhv g duh h{rjhqrxv/ wkrxjk wkh|
ghshqg rq wkh lqglylgxdo k1 E| hqodujlqj wkh prgho wr lqfoxgh pruh ixqgdphqwdo
prwlydwlrqv/ zh frxog ghulyh wkh g iurp glhuhqw lqglylgxdo lqfhqwlyhv1 Iru h{dpsoh/
lq dq hduolhu sdshu ^7` zh vkrzhg krz lglrv|qfudwlf ghidxow shqdowlhv iru idloxuh wr
gholyhu zrxog ohdg wr glhuhqw gholyhulhv g wkdw frxog eh srrohg1 Lq Vhfwlrq 7 zh
glvfxvv vhyhudo rwkhu frqwh{wv lq zklfk wkh g hphujh iurp xqghuo|lqj plfurhfrqrplf
frqvlghudwlrqv1
Lq wklv sdshu zh surklelw d krxvhkrog iurp wdnlqj rxw pruh wkdq rqh lqvxudqfh
frqwudfw +l1h1/ iurp vhoolqj lqwr pruh wkdq rqh srro,1 Wklv lv grqh wr eulqj rxu dqdo|vlv
lq olqh zlwk wkdw ri UrwkvfklogVwljolw}1 Exw ri frxuvh rqh lv wkhq ohg wr dvn zkdw
zrxog kdsshq li krxvhkrogv zhuh iuhh wr wdnh rxw pxowlsoh lqvxudqfh frqwudfwv1 Wklv
lv wkh wrslf ri rxu vhtxho sdshu ^8`1
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5 Wkh Srrolqj ri Surplvhv
Lpdjlqh krxvhkrogv k 5 K @ i4> ===>Kj/ hdfk ri zkrp kdv d ulvn| hqgrzphqw hr 5
Un +ri prqh|,/ ghshqglqj rq wkh vwdwh ri qdwxuh v 5 V @ i4> ===> Vj1 Zh dvvxphS
MG h
  31
Hyhu| krxvhkrog k lv ulvn0dyhuvh dqg klv h{ dqwh xwlolw| +iru prqh|, lv jlyhq e| d
frqwlqxrxv/ vwulfwo| prqrwrqlf/ vwulfwo| frqfdyh ixqfwlrq
x = U4n $ U=
Zh vxssrvh wkdw wudgh wdnhv sodfh rqo| wkurxjk frqwulexwlrqv wr d srro1 Odwhu
zh vkdoo doorz krxvhkrogv wr fkrrvh ehwzhhq frpshwlqj srrov1
Hdfk krxvhkrog k 5 K lv hqwlwohg wr frqwulexwh 3  *  T surplvhv wr wkh srro/
zklfk reoljh klp wr pdnh vwdwh0frqwlqjhqw gholyhulhv g 5 U4n shu xqlw ri surplvh1








lq hyhu| vwdwh v 5 V1 +Zh wdnh Nr+*, @duelwudu|/ li
S
MG*
 @ 31, Krxvhkrog k/
zkr krogv * vkduhv ri wkh srro e| yluwxh ri frqwulexwlqj * xqlwv ri klv surplvh wr
lw/ hqgv xs wkhuhiruh zlwk wkh qdo exqgoh "+*>N+*,, 5 U4 / zlwk frpsrqhqwv
"r+*
>N+*,, @ hr . *
+Nr+*, gr ,
iru v 5 V= Wkh ihdvleoh vhw ri frqwulexwlrqv dydlodeoh wr k lv jlyhq e|
i 5 ^3> T` = "+>N+*m, 5 U4nj>
zkhuh zh kdyh ghqrwhg +*m,  +*> ===> *3> > *n> ===> *M,1 Wkh uxohv ri wkh
frrshudwlyh srro wkxv ghqh d qrqfrrshudwlyh +jhqhudol}hg, jdph zlwk sd|rv
x+"+*>N+*,,,/ k 5 K1
Wkh uhdghu zloo qrwlfh wkdw zh kdyh qrw vhsdudwhg vdohv lqwr wkh srro iurp wkh
sxufkdvh ri vkduhv ri wkh srro1 Lqghhg/ zh kdyh vxssrvhg wkdw wkh vdohv wkhpvhoyhv
ghwhuplqh wkh vkduhv1 Wklv vlpsoh uxoh ghvfulehv krz frrshudwlyhv ixqfwlrq1 Ri
frxuvh prghuq qdqfldo lqvwlwxwlrqv ghfrxsoh ex|lqj dqg vhoolqj1 Zh frxog hdvlo|
dffrpprgdwh wklv/ dqg rxu hqwluh dqdo|vlv zrxog uhpdlq lqwdfw1 Exw wkhuh zrxog eh
d frvw ri dgghg qrwdwlrq1 Rxu vlpsoh srrolqj fdswxuhv wkh hvvhqwldo lghd zh phdq wr
h{srvlw/ dqg lv vx!flhqw wr uhsuhvhqw wkh UrwkvfklogVwljolw} prgho ri lqvxudqfh1
6 Wkh Shuihfwo| Frpshwlwlyh Frrshudwlyh
Lq wkh jdph/ krxvhkrogv pxvw dqwlflsdwh wkdw wkhlu frqwulexwlrqv dowhu wkh srro txdolw|
N+*,1 Zkhq wkh qxpehu ri krxvhkrogv lv yhu| odujh/ wklv txdolw| hhfw ehfrphv
doprvw qhjoljleoh1 E| ljqrulqj lw/ dq| rqh krxvhkrog fdq frqfhqwudwh rq wkh idu
vlpsohu sureohp ri ghwhuplqlqj krz pxfk ri wkh qhw wudgh +N  g, kh zlvkhv wr
dftxluh1
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Zh qrz srvwxodwh d zruog lq zklfk lw lv shuihfwo| udwlrqdo iru hdfk krxvhkrog wr
wdnh N dv jlyhq/ lqghshqghqw ri klv dfwlrq1 Wklv vlpsolhv wkh dqdo|vlv ri htxloleulxp/
zlwkrxw frpsurplvlqj wkh hfrqrplf skhqrphqd ri dgyhuvh vhohfwlrq dqg vljqdoolqj1
Ohw xv lpdjlqh d frqwlqxxp ri krxvhkrogv w 5 +3>K`/ zkhuh doo w 5 +k  4> k`
duh ri w|sh k dqg duh lghqwlfdo= g| @ g/ h| @ h/ x| @ x1 Jlyhq d phdvxudeoh
fkrlfh ri dfwlrqv * = +3>K` $ ^3> T` +zklfk zh dovr zulwh * 5 ^3>T`EfcMo,/ wkh srro
krogv *  U Mf *|gw xqlwv ri djjuhjdwh surplvh dqg gholyhuv Nr+*,  7) U Mf *|g|rgw shu
xqlw/ li * A 31 Lw lv fohdu wkdw qr vlqjoh krxvhkrog lq wkh frqwlqxxp +3>K` fdq dhfw
Nr+*, e| fkdqjlqj klv dfwlrqv1 Iurp klv srlqw ri ylhz/ wkh wudglqj rssruwxqlwlhv duh




|>N,  hr . *|+Nr  gr ,
prqh| lq hdfk vwdwh v 5 V1 Klv exgjhw vhw lv jlyhq e|
	|+N, @ i+> |, 5 ^3> T`U7n = | @ "|+>N,j=
Zh zloo vd| wkdw +N>*>{, 5 U7n  ^3>T`EfcMo  ^U7n`EfcMo lv dq htxloleulxp iru wkh
rqh0srro hfrqrp| ++x> h> g,MG> T, l * dqg { duh phdvxudeoh dqg
+4, N @ 7)
U M
f *
|g|gw li * A 3
+5, +*|> {|, 5 dujpd{Ewc+MP|Eg x|+|, iru doprvw doo w1
Qrwlfh wkdw zh duh vlohqw rq krz N vkrxog eh iruphg zkhq * @ 31 E| wdnlqj
N @ 3 +ru vx!flhqwo| vpdoo/ surylghg wkh pdujlqdo xwlolwlhv ri x duh erxqghg,/
zh fdq dozd|v vxvwdlq dq lqdfwlyh htxloleulxp +N>*> {, lq zklfk *| @ 3 doprvw
hyhu|zkhuh1 Zlwk rqo| rqh frrshudwlyh wklv lv qrw d vhulrxv pdwwhu/ vlqfh zh orvh
olwwoh e| frqqlqj rxu dwwhqwlrq wr htxloleuld +N>*>{, zklfk duh dfwlyh/ lq wkh vhqvh
wkdw * A 31 Exw zkhq zh frqvlghu pxowlsoh frrshudwlyhv/ zh zloo qg wkdw pdq| ri
wkhppxvw eh lqdfwlyh lq htxloleulxp/ dqg wkhq wkh fkrlfh ri wkhluN ehfrphv d fuxfldo
lvvxh1 E| lwv suhvhqfh/ N rshqv wkh lqdfwlyh frrshudwlyh*v grruv iru exvlqhvv= hyhu|
krxvhkrog w nqrzv wkdw kh zloo uhfhlyh N lq h{fkdqjh iru g|1 Li wkh frrshudwlyh
srro lv lqdfwlyh lq htxloleulxp/ lw lv lq vslwh ri wklv wudglqj rssruwxqlw|/ vlqfh doo
krxvhkrogv duh fkrrvlqj yroxqwdulo| qrw wr jr wkhuh1 Exw vlpso| kdylqj wkh grruv
rshq dw hyhu| srro lv qrw hqrxjk wr ghqh d uhdvrqdeoh htxloleulxp1 Wkh ohyhov N
pxvw eh dssursuldwho| slqqhg grzq/ zklfk lv wkh sxusrvh ri rxu uhqhphqw lq Vhfwlrq
;1
7 Vrph Pruh H{dpsohv ri Srrolqj
Wkh hdvlhvw frrshudwlyh wr ghvfuleh lv wkh odqg srro lq zklfk iduphuv frqwulexwh dv
pxfk ri wkhlu odqg dv wkh| zlvk1 Rqh pljkw lpdjlqh wkdw odqg sxw lqwr wkh frrshudwlyh
lv sdlqwhg eoxh/ zkloh wkh odqg khog edfn lv sdlqwhg uhg1 Dw d jodqfh wkh iduphuv fdq
vxuyh| wkh djjuhjdwh eoxh odqg khog e| wkh frrshudwlyh1 Iduphuv/ hyhq zlwk hvshfldoo|
surgxfwlyh odqg/ pd| eh zloolqj wr frqwulexwh wr wkh frrshudwlyh ehfdxvh lq wkdw zd|
:
wkh| lqvxuh wkhpvhoyhv djdlqvw vwdwhv lq zklfk wkhlu furs idlov uhodwlyh wr wkh dyhudjh
dfuh lq wkh srro1
Wkh prghuq frusrudwlrq lv olnh d srro1 Jhqhudo Hohfwulf/ iru h{dpsoh/ kdv pdq|
glhuhqw exvlqhvvhv/ vsuhdg doo ryhu wkh zruog/ udqjlqj iurp qdqfldo vhuylfhv wr
glvkzdvkhuv1 Doo wkhvh vxevlgldu| exvlqhvvhv frqwulexwh wkhlu surwv wr wkh srro rzqhg
e| vkduhkroghuv ri JH vwrfn1
Dv|pphwulf lqirupdwlrq surylghv dqrwkhu uhdvrq djhqwv pljkw gholyhu glhuhqwo|
lqwr wkh vdph srro1 Vxssrvh wkdw djhqwv pdnh wkh vdph vwdwh frqwlqjhqw surplvhv
Ur/ v 5 V= Exw vxssrvh wkdw hdfk djhqw k kdv d sduwlwlrq  ri wkh vwdwhv ri qdwxuh
uh hfwlqj klv sulydwh lqirupdwlrq1 Zkhq vwdwh v rffxuv kh fdqqrw glvwlqjxlvk lw iurp
rwkhu vwdwhv  5 +v, dqg/ li ghidxow lv surklelwhg/ lv irufhg wr gholyhu
gr @ pd{iUj =  5 +v,j
Ghidxow jlyhv |hw dqrwkhu yhu| lpsruwdqw fodvv ri h{dpsohv1 Wkh surplvhv pd|
eh wkh vdph/ exw wkh gholyhulhv pd| ydu|1 Lq suhylrxv zrun ^7` zh vxssrvhg wkdw
djhqwv lqfxuuhg shqdowlhv shu groodu ri ghidxow1 Vlqfh wkhvh shqdowlhv zhuh wdnhq wr
eh lglrv|qfudwlf/ dqg vlqfh djhqwv glhuhg lq wkhlu pdujlqdo xwlolwlhv ri frqvxpswlrq
dqg lq wkhlu hqgrzphqwv/ lw wxuqhg rxw wkdw wkh| fkrvh wr gholyhu glhuhqwo| rq wkh
vdph surplvh1
Lw lv khosixo wr frqvlghu rqh pruh h{dpsoh ehiruh wxuqlqj wr lqvxudqfh1 Ohw xv
lpdjlqh wkdw iduphuv eulqj wkhlu khwhurjhqhrxv iuxlw wr wkh vdph elq1 Ex|huv sxufkdvh
e| wkh srxqg/ jhwwlqj d xqlirup vdpsoh ri wkh iuxlw lq wkh elq1 Hyhq li hdfk iduphu
nqrzv wkh txdolw| ri klv rzq iuxlw ehiruh kh ghflghv krz pxfk wr vhoo/ rxu dqdo|vlv
vkrzv wkdw rqh iuxlw sulfh zloo fohdu wkh pdunhw1 Krzhyhu/ li wkh srro zdv ylrodwhg/
dqg ex|huv zhuh doorzhg wr uhdfk lq dqg slfn rxw wkhlu idyrulwh iuxlw/ wkhq htxloleulxp
zrxog euhdn grzq1 Wklv lv ri pruh wkdq dfdghplf lqwhuhvw1 Lq wkh pruwjdjh pdunhw/ li
wkh djhqflhv/ zkr duh dzduh ri wkh lqglylgxdo krphrzqhu fkdudfwhulvwlfv/ zhuh doorzhg
wr fkhuu| slfn wkh ehvw ordqv/ wkdw jljdqwlf pdunhw zrxog dovr euhdn grzq1
8 Srrolqj dqg Dgyhuvh Vhohfwlrq
zlwk d Vlqjoh Frrshudwlyh
Wr pdnh rxu dqdo|vlv frqfuhwh/ zh vkdoo uhwxuq iuhtxhqwo| wr wkh iroorzlqj fdqrqlfdo
h{dpsoh dqg lwv vwudljkwiruzdug jhqhudol}dwlrq/ zklfk zh vkdoo fdoo wkh plfurhfrqrplf
yhuvlrq ri wkh lqvxudqfh sureohp1
Ohw wkhuh eh K @ 9 krxvhkrog w|shv/ dqg V @ 6 vwdwhv ri qdwxuh1 Vxssrvh
krxvhkrogv kdyh wkh vdph xwlolw|





x+{r,> iru doo w 5 +3> 9`>



































Lq rxu h{dpsoh/ zh dozd|v dvvxph gholyhulhv wr eh lghqwlfdo zlwk hqgrzphqwv/ l1h1/
g @ h iru doo k 5 K1
Krxvhkrogv ri w|sh 4/ 5/ dqg 6 gholyhu wzr0wklugv ri wkh wlph/ dqg duh wkhuhiruh
fdoohg wkh uholdeoh fodvv U> wkrvh ri w|sh 7/ 8/ dqg 9 gholyhu rqh0wklug ri wkh wlph/ dqg
duh fdoohg wkh xquholdeoh fodvv X 1
Vlqfh krxvhkrogv ri hdfk fodvv duh v|pphwulf dfurvv vwdwhv/ zh frqqh dwwhqwlrq
wr htxloleuld lq zklfk *| @ *|n @ *|n2/ iru doo w 5 +3> 4` dqg doo w 5 +6> 7`1 Zh gr qrw
dvvxph wkdw doo uholdeoh +ru/ xquholdeoh, krxvhkrogv dfw wkh vdph/ rqo| wkdw wkh wulsohwv
+w> w. 4> w. 5, gr1 Zh zlvk wr pdlqwdlq wkh v|pphwu| dfurvv wulsohwv ehfdxvh zkhq
zh lqwhusuhw rxu h{dpsoh lq wkh UrwkvfklogVwljolw} vhwwlqj lq Vhfwlrq </ hdfk ri rxu
wulsohwv zloo fruuhvsrqg wr d vlqjoh UrwkvfklogVwljolw} krxvhkrog1 Wulsohw v|pphwu|
lpsolhv wkdw wkh srro kdv wkh vdph gholyhu| udwh lq doo vwdwhv= N @ N2 @ N @
1 Wkh dqdo|vlv froodsvhv wr d 50glphqvlrqdo slfwxuh1 Hyhu| krxvhkrog ehjlqv zlwk
dq hqgrzphqw ri 4 lq klv jrrg vwdwh+v, dqg 3 lq klv edg vwdwh+v,1 Klv qdo
frqvxpswlrq {r zloo rqo| ghshqg rq zkhwkhu v lv jrrg ru edg iru klp1 Wkh uholdeoh






zkloh wkh xquholdeoh krxvhkrogv w 5 +6> 9` kdyh xwlolw|





Li wkh srro txdolw| lv N @ +> > ,/ wkhq e| frqwulexwlqj / dq| krxvhkrog jlyhv
xs  lq klv jrrg vwdwh/ dqg uhfhlyhv  lq erwk vwdwhv1 Klv qdo frqvxpswlrq pxvw
wkhuhiruh olh rq wkh 0txdqwlw| olqh vwduwlqj dw +4  > 3, dqg prylqj qruwkhdvw dw
781 +Vhh Iljxuh 41, Rq qhw kh jlyhv xs +4 , lq klv jrrg vwdwh/ dqg uhfhlyhv 
lq klv edg vwdwh1 Wkxv klv frqvxpswlrq pxvw dovr olh rq wkh 0sulfh olqh mrlqlqj
+4/3, wr +3> @+4  ,,1 Wkh ihdvleoh frqvxpswlrq vhw/ iru d krxvhkrog frqwulexwlqj
3    T wr d srro zlwk txdqwlw| olplw T/ lv wkhuhiruh wkh vhjphqw rq wkh srro*v
















Iurp vwulfw frqfdylw| ri wkh xwlolw| ixqfwlrqv/ lw lv fohdu wkdw hdfk djhqw w kdv
d xqltxh rswlpdo fkrlfh {| rq klv ihdvleoh frqvxpswlrq vhw1 Wklv fkrlfh fdq eh
lpsohphqwhg e| d xqltxh |1 Wkxv lw lv hylghqw wkdw li wzr krxvhkrogv ri wkh vdph
fodvv dfw h{foxvlyho| rq d frpprq srro/ wkh| pxvw dfw lghqwlfdoo|1 Khqfh zh fdq
ghqrwh htxloleulxp zlwk d vlqjoh srro e| +>*L > *-, 5 Un Un Un1
Li T  4/ dqg wkh gholyhu| udwh  5 +3> 4,/ wkhq d krxvhkrog zkr pd{lpl}hv
sx+{C, . +4 s,x+{,/ zlwk s @ / zloo fkrrvh wr frqwulexwh h{dfwo| rqh xqlw wr wkh
srro1 Lq sduwlfxodu/ li  @ 4@6 +ru/  @ 5@6,/ wkhq dq xquholdeoh +ru/ uholdeoh, krxvh0
krog zloo fkrrvh wr frqwulexwh rqh xqlw dqg dfklhyh klv rswlpxp rq wkh xqfrqvwudlqhg
sulfh olqh1
Uholdeoh krxvhkrogv duh olnho| wr fxuwdlo wkhlu frqwulexwlrqv ehfdxvh wkh| uhfrjql}h
wkdw wkhlu surplvh gholyhuv pruh rq dyhudjh wkdq wkh srro/ zklfk lv ghedvhg e|
wkh xquholdeoh djhqwv1 Zkhq *- ? *L wkh srro gholyhu| udwh  lv zruvh wkdq wkh








2 / dqg zh vd| wkdw wkh srro glvsod|v dgyhuvh
vhohfwlrq1
Zh fdq vhh slfwruldoo| zk| wkhuh lv d whqghqf| iru dgyhuvh vhohfwlrq1 Li dw vrph
 A 3 wkh uholdeoh krxvhkrogv yroxqwdulo| frqwulexwh 3 ? *- ? T/ frqvxplqj {- @
h-.*-+Nh-,/ wkhq wkhlu lqglhuhqfh fxuyh L- wkurxjk {- pxvw eh wdqjhqw wr wkh
0sulfh olqh1 Exw wkh xquholdeoh lqglhuhqfh fxuyh LL wkurxjk {- lv  dwwhu/ dqg vr
wkh xquholdeoh pxvw eh fkrrvlqj *L A *-1 Hyhq li uholdeoh krxvhkrogv duh xs djdlqvw
wkh txdqwlw| frqvwudlqw T ri wkh srro/ lw lv hylghqw iurp wkh vlqjoh furvvlqj surshuw|
+ghslfwhg lq Iljxuh 5, wkdw wkh xquholdeoh zloo qg wkh frqvwudlqw hyhq pruh elqglqj/
vr wkdw/ lq dq| fdvh/ *L  *-1 Zh wkxv kdyh
Ohppd 4 Vxssrvh *L dqg *- duh rswlpdo frqwulexwlrqv ri xquholdeoh dqg uholdeoh
krxvhkrogv zkhq wkh| dfw h{foxvlyho| rq wkh vdph srro1 Wkhq *L  *-1 Pruhryhu/ li













Lq rxu fdqrqlfdo h{dpsoh zlwk orj xwlolwlhv x+{, @ orj {/ dqg rqh srro zlwk txdq0
wlw| frqvwudlqw T/ lw fdq hdvlo| eh vkrzq wkdw wkhuh lv d xqltxh dfwlyh htxloleulxp
+N+T,> *L +T,> *-+T,,1 Wkh uhdghu fdq yhuli| wkdw zkhq T lv lqfuhdvhg iurp 4 wr
9@8/ hyhu| krxvhkrog lv zruvh r$ Dowkrxjk hdfk xquholdeoh krxvhkrog w zdqwv wr
wudgh *| @ 9@8 A 4/ wkh xsvkrw ri doo wkh xquholdeoh krxvhkrogv grlqj vr lv wr uhgxfh
wkh txdolw| ri wkh srro iurp   =79 wr   =77 dqg wr orzhu hyhu| krxvhkrog*v xwlolw|/
lqfoxglqj wkhlu rzq1
Wkxv wkh frrshudwlyh fdq khos hyhu|erg| e| lpsrvlqj d txdqwlw| uhvwulfwlrq/
T @ 41 Uhgxflqj T ixuwkhu zloo khos wkh uholdeoh krxvhkrogv dqg kxuw wkh xquholdeoh
krxvhkrogv1 Uhgxflqj T hyhq ixuwkhu zloo kxuw erwk krxvhkrogv1
Krz zloo wkh frrshudwlyh vhw lwv txdqwlw| olplw TB
9 Frpshwlqj Frrshudwlyhv
Glhuhqw txdqwlw| olplwv pd| lpslqjh rq krxvhkrogv glhuhqwo|1 Exw li d frrshudwlyh
fdqqrw glvfulplqdwh ehwzhhq krxvhkrogv/ lw fdq vhw rqo| rqh txdqwlw| olplw1 Wklv
jlyhv dq rssruwxqlw| iru d qhz frrshudwlyh wr irup/ zlwk d glhuhqw txdqwlw| olplw/
wr oxuh dzd| glvvdwlvhg phpehuv1 Krz zloo wklv frpshwlwlrq wxuq rxwB
Ohw xv lpdjlqh d froohfwlrq ri frrshudwlyhv m 5 M @ i4> ===> Mj/ doo hqwdlolqj +iru
vlpsolflw|, wkh vdph surplvhv g|r/ exw glhuhqw txdqwlw| uhvwulfwlrqv *
|
  T 1 Wklv
ghqhv wkh hfrqrp| ++x> h> g,MG> +T,M[ ,1
Qrz krxvhkrog w fkrrvhv d yhfwru  @ +> ===> a, 5 Uan/ zkhuh  ghqrwhv wkh qxp0
ehu ri surplvhv frqwulexwhg wr srro m1 Vxssrvh wkdw iru hdfk srro m/ wkh krxvhkrogv
dqwlflsdwh gholyhulhv Nr lq vwdwh v/ shu xqlw frqwulexwhg1 Ghqrwh N @ +N> ===>N7,
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dqg N @ +N> ===>Na,1 Krxvhkrog w wkhq frqvxphv




Klv exgjhw vhw lv
	|+N, @ i+> |, 5 U[n U4n =   T iru doo m 5 M / | @ "|+>N,j=
Wklv lv hdvlo| vhhq wr eh frqyh{1 Exw li zh lpsrvh dq h{foxvlylw| frqvwudlqw dv lq
UrwkvfklogVwljolw}/ surklelwlqj dq| krxvhkrog iurp frqwulexwlqj wr pruh wkdq rqh
srro/ zh rewdlq wkh qrq0frqyh{ exgjhw vhw
	|+N, @ i+> |, 5 	|+N, =  A 3, & @ 3 iru doo n 5 Mqimjj=
Dv zh vkdoo vhh/ htxloleulxp  lqghhg uhqhg htxloleulxp  h{lvwv lq vslwh ri wklv
qrq0frqyh{lw|1
Wkh qrwlrq ri htxloleulxp fdq eh h{whqghg lq d vwudljkwiruzdug pdqqhu wr wkh
vhwwlqj ri pxowlsoh/ frpshwlqj frrshudwlyhv1 Deeuhyldwh doprvw doo w lq +3>K` e|
d1d1w/ dqg wkh lqwhjudo
U M
f i+w,gw e|
i 1 Wkh yhfwru +N>*> {, 5 U4f[n U[fEfcMon 
U
4fEfcMo
n lv vdlg wr eh dq htxloleulxp li * dqg { duh phdvxudeoh/ dqg






gw li * A 3/ ;m 5 M
+5, +*|> {|, 5 dujpd{Ewc+MP|Eg x|+|, iru d1d1w1
Iru vlpsolflw| zh kdyh wdnhq hdfk djhqw*v vkduhv lq wkh gholyhulhv ri d srro wr eh
htxdo wr klv surplvhv wr wkh srro1 Zh frxog kdyh ghfrxsohg ex|lqj dqg vhoolqj e|
lqwurgxflqj d sulfh  iru vkduhv ri srro m/ doorzlqj dq djhqw w wr sxufkdvh vkduhv
+#|> ===> #
|








1 Vlqfh zh zloo eh
irfxvlqj rq wkh fdqrqlfdo lqvxudqfh yhuvlrq ri wkh prgho lq zklfk gholyhulhv duh xql0
irup dfurvv vwdwhv/ l1h1/ N @ + > ===> ,/ wklv dgghg  h{lelolw| dfwxdoo| dggv qrwklqj1
Lq htxloleulxp zh zrxog kdyh  @ / dqg doo djhqwv zrxog eh frqwhqw wr fkrrvh
#| @ *| dq|zd| +vlqfh dw wkrvh sulfhv/ wkh vkduhv ri doo srrov duh shuihfw vxevwlwxwhv,1
Wkxv wkhuh lv qr orvv ri jhqhudolw| lq gursslqj wkh  / #| dqg vxssrvlqj wkdw vdohv
ghwhuplqh sxufkdvhv1
: Frrshudwlyhv zlwkrxw Pdqdjhuv/ Frqwudfwv
zlwkrxw Ghvljqhuv
Lq rxu iudphzrun wkh frrshudwlyh m pdnhv qr ghflvlrqv1 Lw vlpso| vwdqgv rshq iru
exvlqhvv1 Lwv txdqwlw| olplw T lv lwv ghqlqj fkdudfwhulvwlf/ udwkhu wkdq d vwudwh0
jlf fkrlfh pdgh e| d pdqdjhu1 Dqg lwv N lv ghwhuplqhg e| wkh irufhv ri shuihfw
frpshwlwlrq lq htxloleulxp1
Wkh fxuuhqw ruwkrgr{ ylhz lv wkdw lqvxudqfh lv lpsrvvleoh zlwkrxw vwudwhjlf lq0
whuphgldulhv/ dfwlyho| ghvljqlqj frqwudfwv1 Wklv ylhz zdv prvw hohjdqwo| h{suhvvhg
45
e| Urwkvfklog dqg Vwljolw} ^44`/ zkr ghvfulehg dq hfrqrp| zlwk shuihfwo| frpshwl0
wlyh frqvxphuv dqg roljrsrolvwlf/ ulvn0qhxwudo lqvxudqfh frpsdqlhv1 Wkhvh frpsdqlhv
ghvljqhg dqg pdunhwhg lqvxudqfh frqwudfwv +T>, vshfli|lqj wkh txdqwlw| T ri lqvxu0
dqfh dydlodeoh dqg lwv sulfh 1 Lq wkhlu htxloleulxp/ suhflvho| wzr frqwudfwv/ +T>,
dqg + T> ,/ duh rhuhg1 Wr fkhfn lwv yldelolw|/ hyhu| rwkhu srwhqwldo frqwudfw +T> ,
lv sxw rq wkh pdunhw/ rqh dw d wlph/ wr vhh zkhwkhu lw fdq oxuh dzd| d folhqwhoh zlwk
gholyhu| udwh  A 1 Wkxv fxvwrphuv qhyhu frqwhpsodwh pruh wkdq wzr ru wkuhh
frqwudfwv dw wkh vdph wlph1
Lq rxu prgho/ d krxvhkrog lv suhvhqwhg zlwk d ixoo phqx i+T>  @ ,M[ j zkhuh
wkh vhw M fdq eh duelwudulo| odujh1 Wkh sulfhv  duh kljko| qrqolqhdu lq T1 Wklv
vrsklvwlfdwlrq lv rzlqj hqwluho| wr wkh pdunhw/ qrw wr dq| pdqdjhughvljqhu1 Zh
zloo dovr vhh wkdw rqo| d ihz +T> , kdyh * A 3 dprqj doo srwhqwldo m 5 M 1 Wkh vhw
ri dfwlyh frqwudfwv/ wkdw duh sod|hg rxw dw htxloleulxp/ lv wkxv vkduso| ghwhuplqdwh1
Dqg lw lv ghvljqhg hqwluho| e| wkh lqylvleoh kdqg ri shuihfw frpshwlwlrq1
; Htxloleulxp Uhqhphqw
;14 Wkh Ghqlwlrq
Zlwk rqo| rqh frrshudwlyh/ zh zhuh frqwhqw wr frqqh rxu dwwhqwlrq wr htxloleuld lq
zklfk wkh srro zdv dfwlyh1 Zlwk pdq| frrshudwlyhv/ wkh dqdorjxh zrxog eh wr dvvxph
wkdw doo srrov duh dfwlyh1 Exw/ dv zh kdyh vdlg/ lq wkh w|slfdo fdvh hyhu| htxloleulxp
hhfwlyho| uhqghuv prvw srrov lqdfwlyh1 Wkxv zh kdyh qr fkrlfh exw wr frqiurqw krz
dqwlflsdwlrqv N zloo eh iruphg zkhq srro m lv lqdfwlyh/ vlqfh lw lv wkrvh dqwlflsdwlrqv
wkhpvhoyhv wkdw duh uhvsrqvleoh iru wkh lqdfwlylw|1
Rxu ghqlwlrq shuplwv dq| srro m wr eh lqdfwlyh/ l1h1/ wr kdyh * @ 31 Pdq|
srwhqwldo srrov lq wkh uhdo zruog duh dovr lqdfwlyh1 Rqh srvvleoh h{sodqdwlrq lv wkdw
shrsoh dqwlflsdwh xqgxo| shvvlplvwlf gholyhulhv iurp wkhp dqg duh wkxv glvfrxudjhg
iurp mrlqlqj wkhp1 Wkhuh lv qrwklqj vr idu lq rxu ghqlwlrq wr suhyhqw wklv iurp
kdsshqlqj1 Zkhq srro m lv dfwlyh/ wkhuh lv d uhdolw| fkhfn rq N / vlqfh +e| +4,,
N pxvw frqirup wr dfwxdo gholyhulhv1 Exw iru lqdfwlyh srrov m/ wkhuh duh qr uhdo
gholyhulhv wr frpsduh N wr1 Li N zhuh vhw vxlwdeo| orz/ wkhq qr krxvhkrog w zrxog
eh zloolqj wr frqwulexwh wr srro m/ iru kh zrxog jhw yhu| olwwoh shu xqlw exw lqfxu d
uhodwlyho| odujh reoljdwlrq wr gholyhu g|1 Lqghhg/ jlyhq dq duelwudu| vxevhw ri srrov/
zh fdq dozd|v rewdlq htxloleuld zklfk uhqghu wkhp lqdfwlyh e| fkrrvlqj wkhlu N wr
eh orz hqrxjk1
Zh eholhyh wkdw xquhdvrqdeoh shvvlplvp grhv suhyhqw pdq| uhdo zruog pdunhwv
iurp rshqlqj/ dqg surylghv dq lpsruwdqw uroh iru jryhuqphqw lqwhuyhqwlrq1 Exw
lw lv lqwhuhvwlqj wr vwxg| htxloleulxp lq zklfk dqwlflsdwlrqv duh dozd|v uhdvrqdeo|
rswlplvwlf1 Lw lv ri fhqwudo lpsruwdqfh iru xv wr xqghuvwdqg zklfk pdunhwv duh rshq
dqg zklfk duh qrw/ dqg zh gr qrw zdqw rxu dqvzhu wr ghshqg rq wkh djhqwv* zklpvlfdo
shvvlplvp1
Dqwlflsdwhg gholyhulhv iurp lqdfwlyh srrov duh dqdorjrxv wr eholhiv lq jdph wkhru|
r wkh htxloleulxp sdwk1 Vhowhq ^45` ghdow zlwk wkh jdph wkhru| sureohp e| iruflqj
hyhu| djhqw wr wuhpeoh dqg sod| doo klv vwudwhjlhv zlwk suredelolw| dw ohdvw % A 3/ dqg
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wkhq ohwwlqj %$ 31 Zh vkdoo dovr lqyrnh d wuhpeoh/ exw lq txlwh d glhuhqw vslulw1 Rxu
wuhpeoh zloo eh rq wkh pdunhw dqg qrw rq krxvhkrogv* +sod|huv*, vwudwhjlhv1 Lqghhg/
qr krxvhkrog frxog wuhpeoh wkh zd| zh zdqw= zh lqwurgxfh dq h{whuqdo sod|hu zkr
gholyhuv pruh shu xqlw wkdq dq| ri wkh uhdo krxvhkrogv15 Wklv h{wudruglqdu| gholyhu|
lv zkdw edqlvkhv zklpvlfdo shvvlplvp1
Frqvlghu dq h{whuqdo g0djhqw zkr frqwulexwhv %+q, @ +%+q,,M[  3 wr hyhu|
srro/ dqg gholyhuv dq h{rjhqrxvo| {hg yhfwru g @ +g> ===> g, shu xqlw frqwulexwhg1 Zh
uhtxluh wkdw g  pd{MM gr iru doo v 5 V1 Dq| g vdwlvi|lqj wklv uhtxluhphqw zloo
eh fdoohg rswlplvwlf1 Wkh yhfwru g lqglfdwhv wkh errvwlqj ri krxvhkrog dqwlflsdwlrqv
eurxjkw derxw e| wkh h{whuqdo g0djhqw1 Zh dvvxph wkdw %+q, $ 3 dv q $ 4/ vr
rqh pljkw lqwhusuhw wklv djhqw dv d jryhuqphqw zklfk jxdudqwhhv gholyhu| rq wkh uvw
lqqlwhvlpdo surplvhv1
Wkh h{whuqdo g0djhqw pd| errvw wkh gholyhu| udwh Nr+q, deryh wkh ohyho dfklhyhg
e| wkh uhdo krxvhkrogv lq wkh shuwxuehg htxloleulxp H_+q,1 Dv q $ 4 wklv errvw
glvdsshduv iru srrov wkdw duh dfwlyh lq wkh olplw1 Exw iru lqdfwlyh srrov/ klv suhvhqfh
suhyhqwv wkh olplwlqj dqwlflsdwlrqv iurp vlqnlqj wrr orz/ dqg vwhhuv wkhp dzd| iurp
xqgxh shvvlplvp1 Lq idfw/ dw uvw jodqfh/ rqh pljkw wklqn wkdw jlyhq klv h{wudruglqdu|
gholyhulhv/ qr srro zloo eh lqdfwlyh lq htxloleulxp1 Zh vkdoo vhh/ krzhyhu/ wkdw txlwh
wkh rssrvlwh lv wuxh= pdq| srrov zloo eh lqdfwlyh1
Lq wkh dsshqgl{ zh h{solflwo| dgg d g0h{whuqdo djhqw wr wkh pdunhw +zkr frq0
wulexwhv %+q, A 3 rq hyhu| srro m dqg gholyhuv %+q,g,/ dqg vkrz wkdw dq %+q, g0
htxloleulxp h{lvwv/ dqg qdoo| ohw %+q, $ 3 dqg wdnh olplwv1 Wklv olplw phhwv wkh
fulwhuld ri wkh uhqhg htxloleulxp zh jlyh ehorz1
Frpsxwlqj d glhuhqw htxloleulxp iru hdfk q/ krzhyhu/ pd| eh yhu| wlph0frqvxplqj1
Wkhuhiruh rxu ghqlwlrq ri uhqhphqw fdswxuhv wkh vslulw ri wklv olplwlqj surfhvv/ exw
pdnhv wkh frpsxwdwlrq pxfk hdvlhu e| gursslqj %+q, A 3 xqohvv *+q, @ 3 +zkhuh
wkh h{whuqdo errvw %+q, A 3 lv uhdoo| qhhghg, dqg dovr gursslqj wkh frqglwlrq wkdw
N+q, @ dfwxdo gholyhulhv iru dfwlyh m/ vlqfh zh nqrz zkhuh wkhvh N+q, pxvw frq0
yhujh dq|zd|1 Rxu uhqhphqw lv pruh shuplvvlyh wkdq wkdw rewdlqhg e| olwhudoo|
dgglqj dq h{whuqdo djhqw/ exw lw lv pxfk hdvlhu wr frpsxwh1 Vlqfh zh vkdoo suryh
xqltxhqhvv ri rxu uhqhg htxloleulxp/ lwv h{sdqvlyh ghqlwlrq pd| dovr eh wdnhq wr
eh dq dgydqwdjh1
Irupdoo|/ zh vd| wkdw dq htxloleulxp H @ +N>*>{, 5 U7an UafEfcMon U7fEfcMon
lv d uhqhg htxloleulxp li wkhuh lv d vhtxhqfh H_+q, @ +N+q,> *+q,> {+q,> %+q,, 5
U7an UafEfcMon U7fEfcMon Uan vxfk wkdw g lv rswlplvwlf/ *+q, dqg {+q, duh phdvxudeoh
iru doo q @ 4> 5> === dqg
+4, %+q,$ 3/ N+q,$ N dqg *|+q,$ *|/ {|+q,$ {| iru d1d1w
+5, +*|+q,> {|+q,, 5 dujpd{Ewc+MP|EgE? x|+|, iru d1d1w dqg doo q
+6, %+q, A 3 li *+q, @ 3/ iru doo m 5 M dqg doo q/
5Zhuh zh wr lqyrnh d wuhpeoh rq vwudwhjlhv/ h1j1/ iruflqj hdfk krxvhkrog | wr frqwulexwh 0 : f wr
hyhu| srro/ wklv zrxog qrw phhw rxu qhhgv1
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Wkhruhp 4 Frqvlghu wkh qlwh w|sh frqwlqxxp prgho zlwk frpshwlqj frrshudwlyhv
dqg wkh h{foxvlylw| frqvwudlqw1 Wkhq d uhqhg htxloleulxp dozd|v h{lvwv1
Surri Vhh wkh Dsshqgl{1
Wkhruhp 4 vkrzv wkdw dgyhuvh vhohfwlrq dqg vljqdoolqj gr qrw frpsurplvh wkh
xqlyhuvdo h{lvwhqfh ri shuihfwo| frpshwlwlyh htxloleulxp/ sxwwlqj wr uhvw zkdwhyhu
grxewv pljkw vwloo olqjhu rq wkh vxemhfw1 Lq Vhfwlrq < zh uhfdvw wkh Urwkvfklog
Vwljolw} lqvxudqfh prgho dv d vshfldo fdvh/ wkxv vkrzlqj wkdw lw wrr pxvw dozd|v
kdyh dq htxloleulxp1 Lq Vhfwlrqv 43 dqg 44 zh h{solflwo| frpsxwh wkh lqvxudqfh
htxloleulxp dqg vkrz wkdw lw lv xqltxh1 Zh qg wkdw lw uhwdlqv wkh hfrqrplf  dyru
ri wkh UrwkvfklogVwljolw} vhsdudwlqj htxloleulxp1
;15 H{shfwdwlrqv dw Lqdfwlyh Srrov lq Uhqhg Htxloleulxp
Frqvlghu djdlq rxu fdqrqlfdo h{dpsoh/ zlwk uholdeoh krxvhkrogv zkr dozd|v gholyhu
526 dqg xquholdeoh krxvhkrogv zkr dozd|v gholyhu 426/ exw zlwk M srrov +T,Ma =
Vxssrvh zh kdyh dq htxloleulxp +>*-> *L ,/ zkhuh  @ +,M[ dqgN @ + > ===> ,/
lq zklfk srro M lv lqdfwlyh1 Zh lqtxluh zkdw ydoxhv a frxog wdnh wr vxvwdlq srro
M / l1h1/ nhhs lw lqdfwlyh zkloh vdwlvi|lqj wkh uhqhphqw frqglwlrq1
Kroglqj +,a3' {hg/ vxssrvh wkdw wkh vxsso| fxuyh ri frqwulexwlrqv wr srro M
lv jlyhq e| Iljxuh 6/ zkhuh 3 ? 4@6   ?   5@61 Vxssrvh xquholdeoh krxvhkrogv
vwduw frqwulexwlqj zkhq a @ / zkloh uholdeoh krxvhkrogv rqo| vwduw dw a @ =
Vxssrvh ixuwkhupruh wkdw dw a @ > xquholdeoh krxvhkrogv duh lqglhuhqw ehwzhhq
frqwulexwlqj dq| txdqwlw| iurp 3 wr t A 3=
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Zlwkrxw wkh htxloleulxp uhqhphqw/ dq| a ?  lv vxvwdlqlqj1 Exw rxu htxlole0
ulxp uhqhphqw uhtxluhv wkdw li a ? > wkhq a  4> vlqfh qr shuwxuedwlrq zrxog lq0
gxfh frqwulexwlrqv dsduw iurp wkh h{whuqdo djhqw/ zkr gholyhuv g  pd{MMcrM7 gr @
4= Wklv frqwudglfwlrq vkrzv wkdw li a lv vxvwdlqlqj/ wkhq a @ 1 +Fohduo| a A  lv
qrw vxvwdlqlqj/ vlqfh wkh xquholdeoh zrxog eh vhoolqj1,
Lqghhg a @  lv vxvwdlqlqj1 Dw wkdw ohyho/ hyhu|erg| lv zloolqj qrw wr frqwulexwh1
Pruhryhu/ dw dq| vpdoo shuwxuedwlrq/ rqo| wkh xquholdeoh fdq eh lqgxfhg wr frqwulexwh
wr M / dqg wkhlu gholyhu| udwh lv 4@6  a > vr a lv qrw xqgxo| shvvlplvwlf1
Wr irupdoo| fkhfn wkdw a @  vdwlvhv wkh shuwxuedwlrq uhtxluhphqw/ vkliw d vpdoo
srsxodwlrq  ri X krxvhkrogv wr srro M / wrjhwkhu zlwk d vpdoo frqwulexwlrq %+, iurp




dqg ohw wkh uhvw ri wkh srsxodwlrq dfw dv lq wkh htxloleulxp1 Nhhs wkh gholyhu| udwhv
++,,Ma @ +,Ma iru doo = Vlqfh 4@6   ? g> wkhuh h{lvwv d xqltxh vroxwlrq
%+,  3> dqg/ dv  $ 3> %+, $ 3= Qrwh wkdw hyhu| krxvhkrog lv vwloo rswlpl}lqj
lq wkh shuwxuedwlrq dqg doo exw wkh vpdoo phdvxuh  duh dfwlqj h{dfwo| dv lq wkh
htxloleulxp/ vr doo wkh frqglwlrqv ri uhqhphqw duh phw1
Wkh idfw wkdw lw lv srvvleoh wr vxvwdlq qr wudgh rq srro M lq uhqhg htxloleulxp lv
wkh uhdvrq zk| h{lvwhqfh dozd|v suhydlov lq rxu prgho1
Qrwh wkdw vxfk d vlpsoh shuwxuedwlrq zrunhg ehfdxvh wkh vxsso| fxuyh iru xquhol0
deoh djhqwv lv  dw dw 1 Wklv doorzhg xv wr nhhs doo wkh h{shfwdwlrqv ++,,Ma {hg
dw +,M[ dqg vwloo surgxfh frqwulexwlrqv rq srro M 1 Kdg wkh vxsso| fxuyh ri wkh
xquholdeoh djhqwv qrw ehhq  dw/ zh zrxog kdyh qhhghg d pruh gholfdwh shuwxuedwlrq/
zlwk +, 9@ 1 Ixuwkhupruh/ kdg zh ghqhg uhqhg htxloleulxp lq whupv ri dq h{0
whuqdo djhqw zkr wuhpeohv srvlwlyho| rq hyhu| pdunhw/ zh zrxog djdlq qhhg dqrwkhu
shuwxuedwlrq zlwk +, 9@  / zkhq  @ 4@6> vlqfh lq wkdw fdvh rxu shuwxuedwlrq
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ghqhg %+, @ 3> zklfk zrxog qr orqjhu eh dgplvvleoh= Wkxv wkh vlpsolflw| ri rxu
shuwxuedwlrq dovr vwhpv iurp wkh idfw wkdw wkh h{whuqdo djhqw lv qrw uhtxluhg wr dfw
rq d srro li uhdo krxvhkrogv duh douhdg| dfwlqj wkhuh1
Wkhuh duh flufxpvwdqfhv lq zklfk wkh uhqhphqw uxohv rxw lqdfwlylw| rq srro M 1
Wkdw lv wkh uhdvrq zh duh deoh wr suryh xqltxhqhvv ri htxloleulxp/ lq wkh lqvxudqfh
h{dpsohv wr frph1 Iru lqvwdqfh/ frqvlghu wkh vlwxdwlrq zkhuh wkh xquholdeoh dqg
uholdeoh vxsso| fxuyhv duh uhyhuvhg/ vr wkdw lw lv wkh uholdeoh krxvhkrogv zkr ehjlq
frqwulexwlqj dw wkh orzhu sulfh / dqg xquholdeoh krxvhkrogv zkr ehjlq wr frqwulexwh
dw wkh kljkhu udwh   5@61 Dv ehiruh/ wkh rqo| h{shfwdwlrq wkdw frxog vxvwdlq
lqdfwlylw| lv a @ 1 Exw dq| shuwxuedwlrq durxqg  rqo| lqgxfhv wudgh ri uholdeoh
krxvhkrogv/ soxv shukdsv wkh h{whuqdo djhqw1 Khqfh gholyhulhv pxvw eh dw ohdvw 5261
Exw  ? 5@6> d frqwudglfwlrq1
;16 UrwkvfklogVwljolw} H{shfwdwlrqv
Frqvlghu djdlq wkh vlwxdwlrq ghslfwhg lq Iljxuh 6/ iru zklfk zh irxqg a @  vxvwdlq0
lqj1 Urwkvfklog dqg Vwljolw} zrxog glvdjuhh1 Li h{shfwdwlrqv rq srro M duh gudpdwl0
fdoo| udlvhg wr W A  A > wkhq uholdeoh djhqwv zloo zdqw wr frqwulexwh wr srro M dv
zhoo1 Dgglqj wkhlu gholyhulhv wr wkh xquholdeoh gholyhulhv frxog jlyh dyhudjh gholyhulhv
zklfk pljkw lqghhg eh dv kljk dv W> dqg li vr/ Urwkvfklog0Vwljolw} dujxh wkdw srro
M fdqqrw eh lqdfwlyh1 Ru hovh/ li srro M lv lqdfwlyh/ wkh| vxjjhvw dqrwkhu srro M . 4
zrxog eh fuhdwhg zlwk Tan @ Ta dqg an @ W wkdw zrxog euhdn wkh htxloleulxp1
Lq vkruw/ wkhlu ylhz lv wkdw hyhu| frqwudfw +T>, pxvw eh uhfnrqhg zlwk/ dqg +Ta > W,
ghvwur|v wkh h{lvwhqfh ri htxloleulxp1
Rxu prgho zrunv glhuhqwo|1 Wkh frqwudfw ru srro whupv T duh vhw h{rjhqrxvo|/
dqg pljkw eh doo lqfoxvlyh +wdnh M wr lqfoxgh hyhu| txdqwlw| ohyho,1 Krzhyhu/ rqh
h{shfwdwlrq +T, lv wkhq iruphg iru hdfk srro vr wkdw doo wkh pdunhwv fohdu1 Qr
krxvhkrog qhhg hyhu frqvlghu dq h{shfwdwlrq  9@ +T,= Rxu shuihfwo| frpshwlwlyh
prgho wkhuhiruh kdv idu ihzhu frqwudfwv wkhq wkh UrwkvfklogVwljolw} prgho1 Exw
lw vwloo kdv hqrxjk frqwudfwv wr lqfrusrudwh wkh hfrqrplfv ri dgyhuvh vhohfwlrq dqg
vljqdoolqj1 Lqghhg/ zh vkdoo suryh wkdw lq wkh UrwkvfklogVwljolw} lqvxudqfh vhwwlqj/
uhqhg htxloleulxp lv xqltxh1
Urwkvfklog dqg Vwljolw} pljkw kdyh dujxhg wkdw lqvwhdg ri wklqnlqj ri wkh srrov dv
vwudwhjlf gxpplhv/ zh frxog lpdjlqh wkdw wkh| zhuh hdfk uxq e| vrph hqwuhsuhqhxu1
Kh pljkw shuvrqdoo| jxdudqwhh gholyhulhv ri W/ wkhuhe| iruflqj krxvhkrogv wr frqvlghu
wklv h{shfwdwlrq/ dqg glvuxswlqj wkh rog htxloleulxp1
Wklv vhhpv lpsodxvleoh wr xv lq d odujh hfrqrp|1 Zh vxssrvh wkdw krxvhkrogv
duh dzduh ri wkh frpsrvlwlrq ri gholyhulhv dw wkh suhydlolqj htxloleulxp/ dqg shukdsv
ri krz wkh frpsrvlwlrq zrxog dfwxdoo| fkdqjh li gholyhu| h{shfwdwlrqv zhuh voljkwo|
shuwxuehg1 Exw krxvhkrogv odfn wkh nqrzohgjh ru frpsxwlqj srzhu wr lqihu wkh frp0
srvlwlrq zkhq h{shfwdwlrqv duh idu iurp wkh htxloleulxp1 Vr zh duh ohg wr zrqghu/
krz frqghqw fdq wkh hqwuhsuhqhxu uhdoo| eh wkdw wkh frpsrvlwlrq ri zloolqj frqwule0
xwruv zrxog eh vr udglfdoo| ehwwhu rq dffrxqw ri klv jxdudqwhhB Zh kdyh lq plqg
d frpshwlwlyh zruog zlwk pdq| vpdoo djhqwv1 Li wkh olwwoh hqwuhsuhqhxu*v jdpelw lv
wr eh vxffhvvixo/ kh pxvw oxuh qhz uholdeoh krxvhkrogv dw W/ zkr zhuh xqzloolqj wr
4:
frqwulexwh dw a 1 Exw lw lv wkh xquholdeoh/ douhdg| zloolqj wr frqwulexwh dw a / zkr
zloo eh hyhq pruh hdjhu wr frqwulexwh dw W dqg olnho| wr jhw wr klp uvw1 Li vr/
klv phdjuh zhdowk zloo fhuwdlqo| qrw eh hqrxjk wr vwdqg jxdudqwhh iru klv h{ruelwdqw
rhu ri W/ dqg kh zloo vxhu d glvdvwhu1 D fdxwlrxv hqwuhsuhqhxu zrxog iruhfdvw wkdw
wkh pl{ ri gholyhulhv holflwhg e| klp dw W lv qrw jrlqj wr eh pxfk ehwwhu wkdq zkdw
suhydlov lq htxloleulxp dw a / dqg vr zrxog qrw xqghuwdnh wkh glvdvwurxv W jdpelw1
Exw hyhq li kh dedqgrqv fdxwlrq/ zkhwkhu kh lv uljkw ru qrw lv qrw lq klv kdqgv1 Zk|
vkrxog d uholdeoh krxvhkrog/ suxghqwo| fdxwlrxv xqolnh wkh hqwuhsuhqhxu/ qrw iruhfdvw
wkh glvdvwhu iru khuvhoi dqg devwdlq iurp jrlqj wr klv srro +Ta > W,B Wkh srro rhuv
wkh vdph whupv Ta dv wkh htxloleulxp srro +Ta > a,/ soxv d phdqlqjohvv jxdudqwhh
ri W zlwkrxw wkh zhdowk wr edfn lw1 Diwhu doo/ li wkh jxdudqwhh euhdnv grzq dqg gh0
olyhulhv wxuq rxw wr eh qrw pxfk ehwwhu wkdq a / uholdeoh shrsoh olnh khuvhoi vwdqg wr
orvh vlqfh wkh| zhuh qrw zloolqj wr frqwulexwh wr +Ta > a, lq wkh uvw sodfh1 Wkxv wkh
frqwulexwruv prvw dw ulvn iurp hqwhulqj wkh srro +Ta > W,/ dqg wkhuhiruh prvw xqolnho|
wr frph wr lw/ duh suhflvho| wkh rqhv wkh hqwuhsuhqhxu pxvw frxqw rq wr lpsuryh wkh
gholyhulhv dqg wr khos vxvwdlq klv rhu ri W1 Wkh hqwuhsuhqhxu vkrxog wklqn djdlq1 Li
kh kdv frqfhuq wkdw wkhuh pd| eh fdxwlrq dprqj klv folhqwhoh/ wklv vkrxog fdxvh klp
wr ehfrph fdxwlrxv klpvhoi1
Li wkh hqwuhsuhqhxu kdg hqruprxv zhdowk/ wkhq klv jxdudqwhh zrxog eh phdqlqjixo/
dqg kh pljkw zhoo lqgxfh doo wkh uholdeoh krxvhkrogv wr frqwulexwh/ uholhylqj klpvhoi
ri wkh qhhg wr xvh klv zhdowk/ dqg glvuxswlqj wkh a htxloleulxp1 Exw vxfk odujh
zhdowk lv d ihdwxuh ri dq roljrsrolvwlf prgho1 Zh uljrurxvo| pdlqwdlq wkh k|srwkhvlv
ri shuihfw frpshwlwlrq1
;17 Wkh Rswlplvwlf H{whuqdo Gholyhu|
Zh kdyh fkrvhq g  pd{MM pd{rM7 gr P ehfdxvh lw nhhsv dfwlyh dv pdq| srrov
dv srvvleoh/ dqg wkxv holplqdwhv dv pdq| htxloleuld dv srvvleoh1 Zh vkrz lq wkh
dsshqgl{ wkdw/ lq wkh frqwh{w ri rxu lqvxudqfh prgho/ wkh vhw ri uhqhg htxloleuld
H+g, lv lqyhuvho| prqrwrqlf= g A g lpsolhv H+g,  H+g,1 Exw H+g, lv hvvhqwldoo| wkh
vdph dv H+g, li g A g  P +rqo| wkh htxloleulxp gholyhu| udwhv iru lqdfwlyh srrov
pljkw eh dhfwhg,1 Wkxv zh kdyh fkrvhq rxu shuwxuedwlrq wr pdnh h{lvwhqfh dv kdug
dv srvvleoh/ dqg xqltxhqhvv dv hdv| dv srvvleoh1
< Lqvxudqfh
Wkh fodvvlfdo lqvxudqfh sureohp fdq eh hpehgghg lq rxu prgho ri frrshudwlyhv/ dqg
wxuqv rxw wr eh d vwudljkwiruzdug jhqhudol}dwlrq ri rxu fdqrqlfdo h{dpsoh1
<14 Wkh UrwkvfklogVwljolw} Lqvxudqfh Sureohp
Dv lq UrwkvfklogVwljolw}/ zh frqvlghu d frqwlqxxp ri wzr w|shv ri krxvhkrogv= uh0
oldeoh +U, dqg xquholdeoh +X,/ zlwk srsxodwlrq phdvxuhv - dqg L uhvshfwlyho|1
Hdfk krxvhkrog nqrzv klv rzq w|sh/ exw qrw wkdw ri wkh rwkhuv1 Hdfk krxvhkrog
kdv zhdowk +iru vlpsolflw|/ 4 groodu, lq klv jrrg +qr0dfflghqw, vwdwh/ exw qrwklqj
4;
lq klv edg +dfflghqw, vwdwh iru zklfk kh vhhnv lqvxudqfh1 Dfflghqwv rffxu lqghshq0
ghqwo| dfurvv krxvhkrogv1 Wkh xquholdeoh krxvhkrogv duh pruh dfflghqw0surqh wkdq
wkh uholdeoh1 Wkxv li s ghqrwhv wkh suredelolw| ri d jrrg vwdwh iru w|sh k/ zh kdyh
s- A sL 1
Wkh dvvxpswlrq ri d frqwlqxxp ri krxvhkrogv zlwk lqghshqghqw dfflghqwv lv df0
wxdoo| txlwh vwurqj1 Lw lpsolhv wkdw wkh vdph sursruwlrq ri dq| qrq0qxoo vxevhw ri
krxvhkrogv ri d jlyhq fodvv kdv dq dfflghqw lq doprvw hyhu| vwdwh1
Wkh xwlolw| iru { xqlwv ri prqh| lv x+{,/ lqyduldqw ri wkh vwdwh dv zhoo dv krxvhkrog0
w|sh1 Dv lv vwdqgdug/ zh dvvxph wkdw x lv vwulfwo| frqfdyh +x ? 3, dqg vwulfwo|
prqrwrqlf/ dqg x+{, $ 4 dv { $ 31 Wkh frqvxpswlrq ri +{C> {, dfurvv wkh wzr
vwdwhv |lhogv h{shfwhg xwlolw|
sx+{C, . +4 s,x+{,
wr d krxvhkrog ri w|sh k @ U>X 1 Zh wdnh s wr eh d udwlrqdo qxpehu p@q1
<15 Wkh Fdqrqlfdo Lqvxudqfh Prgho
Zh uhfdvw wkh UrwkvfklogVwljolw} vwru| lqwr rxu iudphzrun/ exloglqj d plfurirxqgd0
wlrq iru wkh lqvxudqfh sureohp lq wkh surfhvv1 Wkh nh| vwhs lv wr uhsuhvhqw suredelolw|
glvwulexwlrqv ri dfflghqwv e| vwdwhv ri wkh zruog zklfk pdnh h{solflw zkr kdv dq dffl0
ghqw wkhuh1 Wklv pdnhv lw fohdu wkdw lghqwlfdo lqvxudqfh srolflhv iru wzr krxvhkrogv
ri wkh vdph fodvv gr qrw sd| r lghqwlfdoo|/ vlqfh wkh krxvhkrogv zloo kdyh dfflghqwv
lq glhuhqw vwdwhv/ hyhq li wkhlu suredelolwlhv duh wkh vdph1
Zlwklq rxu iudphzrun ri qlwh vwdwhv dqg krxvhkrog w|shv/ zh fdqqrw pdlqwdlq
erwk wkh k|srwkhvhv wkdw dfflghqwv rffxu lqghshqghqwo|/ dqg wkdw wkh vdph sursruwlrq
ri hdfk w|sh kdv dq dfflghqw lq hyhu| vwdwh1 Zh gurs wkh lqghshqghqfh k|srwkhvlv/
zklfk dfwxdoo| sod|v qr uroh lq wkh wkhru| dq|zd|1
Vlqfh suredelolwlhv duh udwlrqdo/ ohw 4  s- @ u@q dqg ohw 4  sL @ x@q1 Wr
hpehg wkh lqvxudqfh sureohp lq rxu iudphzrun/ wdnh V @ q1 Ohw wkh lqwhuydov +3> -`
dqg +-> - . L ` uhsuhvhqw wkh uholdeoh dqg xquholdeoh krxvhkrogv1 Sduwlwlrq wkh
uholdeoh krxvhkrogv lqwr +?
o
, @ q$@^u$+q  u,$` frqvhfxwlyh lqwhuydov/ hdfk ri ohqjwk
-  -@+?o ,/ dqg vlploduo| glylgh wkh xquholdeoh krxvhkrogv lqwr +? , lqwhuydov/ hdfk
ri ohqjwk L  L@+? ,1 Wkhvh lqwhuydov fruuhvsrqg wr w|shv lq rxu fdqrqlfdo prgho1
Hdfk w|sh  fdq eh lghqwlhg zlwk d glvwlqfw vxevhw V  V ri edg vwdwhv +u lq qxpehu
li uholdeoh/ x lq qxpehu li xquholdeoh,1 Doo krxvhkrogv w ri w|sh  kdyh hqgrzphqwv
htxdo wr 4 li v 5 VqV / dqg htxdo wr 3 li v 5 V 1
Wkh uhdghu fdq yhuli| wkdw hdfk krxvhkrog kdv wkh uljkw suredelolw| ri dfflghqw
+u@q li uholdeoh/ x@q li xquholdeoh,/ dqg wkdw lq hyhu| vwdwh o?- ri uholdeoh dqg

?L
ri xquholdeoh krxvhkrogv kdyh dfflghqwv1
Urwkvfklog dqg Vwljolw} kdyh lpsolflwo| dvvxphg pxfk pruh/ qdpho| wkdw iru dq|
qrq0qxoo vhw ri uholdeoh djhqwv/ suhflvho| u@q ri wkhp zloo kdyh dq dfflghqw lq do0
prvw hyhu| vwdwh +dqg vlploduo| x@q iru xquholdeoh,1 Zh uhsurgxfh wklv ihdwxuh ri
wkhlu prgho e| lghqwli|lqj hdfk ri wkhlu uholdeoh krxvhkrogv v 5 +3> -` zlwk d +?o ,0
wxsohw +w> w. -> w. 5-> ===> w. ^+
?
o , 4`-, iru w @ v@+?o , 5 +3> -,1 Vlploduo| hdfk
4<
UrwkvfklogVwljolw} xquholdeoh krxvhkrog v . - 5 +-> - . L ` fruuhvsrqgv wr d
+? ,0wxsohw +w> w.L > w.5L > ===> w.^+
?
 ,4`L, iru w @ +v@+? ,,.- 5 +-> -.L `1
Wkh uhdghu fdq yhuli| wkdw iru dq| qrq0qxoo vxevhw ri uholdeoh UrwkvfklogVwljolw}
krxvhkrogv/ suhflvho| wkh iudfwlrq u@q ri wkh fruuhvsrqglqj uholdeoh krxvhkrogv lq rxu
prgho kdyh dq dfflghqw lq hyhu| vwdwh v 5 V +dqg vlploduo| iru wkh xquholdeoh,1
Wr nhhs wkh lghqwlw| ri wkh UrwkvfklogVwljolw} krxvhkrog lqylrodwh/ zh frqqh
dwwhqwlrq wr wkh vfhqdulr zkhuh doo wkh phpehuv ri dq| jlyhq wxsohw ehkdyh lghqwlfdoo|/
l1h1/ *| @ *|nk- li w dqg w.- duh uholdeoh +dqg vlploduo| *| @ *|nkL li w dqg w.L
duh xquholdeoh,1 Wklv jhqhudol}hv wkh wulsohw0v|pphwu| ri rxu h{dpsoh1 Zh vkdoo fdoo
lw wxsohw0v|pphwu|/ dqg dvvxph wkdw lw krogv qrw mxvw lq htxloleulxp exw dovr lq
ghyldwlrq iurp htxloleulxp1 +Vlqfh dq| wxsohw kdv }hur phdvxuh/ d ghyldwlrq e| lw kdv
qr hhfw rq wkh frqwlqxxp1, Frqvlghu qrz rxu htxloleulxp uhqhphqw1 Iurp wxsohw0
v|pphwu| dqg wkh idfw wkdw wkh h{whuqdo djhqw gholyhuv lghqwlfdoo| dfurvv vwdwhv/ lw
iroorzv wkdw N+%, kdv lghqwlfdo frpsrqhqwv dfurvv vwdwhv lq dq| %0shuwxuedwlrq ri
htxloleulxp1 Wkhuhiruh N @ olp0<fN+%, dovr lqkhulwv wklv surshuw| lq dq| uhqhg
htxloleulxp +rewdlqhg dv d olplw ri wkh shuwxuedwlrqv,1 Wklv idfw zloo eh dvvxphg
iurp qrz rq lq rxu dqdo|vlv ri wkh fdqrqlfdo lqvxudqfh prgho= iru dq| srro m/ zh
vkdoo dozd|v wdnh N  + > ===> , wr kdyh wkh vdph frpsrqhqw  lq hyhu| vwdwh
v 5 V1
Uhfdoolqj rxu qxphulfdo h{dpsoh ri Vhfwlrq 8/ qrwh wkdw lw fruuhvsrqgv wr wkh
lqvxudqfh sureohp zlwk s- @ 5@6/ sL @ 4@6/ - @ L @ 61 Khqfh/ lq wkh plfur0
hfrqrplf uhsuhvhqwdwlrq surylghg e| rxu h{dpsoh/ V @ 61 Wkhuh duh +, @ 6 uholdeoh
w|shv/ hdfk ri phdvxuh 6@+, @ 4/ dqg +

2, @ 6 xquholdeoh w|shv/ hdfk ri phdvxuh
6@+2, @ 41
43 H{lvwhqfh ri wkh Vhsdudwlqj Htxloleulxp
lq wkh Fdqrqlfdo Lqvxudqfh Prgho
Urwkvfklog dqg Vwljolw} ^44` pdgh wkh lpsruwdqw revhuydwlrq wkdw dgyhuvh vhohfwlrq lq
lqvxudqfh pdunhwv pljkw ohdg wr wkh vdph nlqg ri lqh!flhqw vljqdoolqj wkdw Vshqfh
kdg hduolhu srvwxodwhg zrxog dulvh lq oderu pdunhwv1 Lq oderu pdunhwv/ Vshqfh ^46`
dujxhg wkdw djhqwv zlwk kljk delolw| zrxog sxufkdvh h{shqvlyh dqg xqsurgxfwlyh
hgxfdwlrq vlpso| wr vljqdo wkdw wkh| zhuh lqghhg ri kljk delolw|1 Lq lqvxudqfh pdunhwv/
Urwkvfklog dqg Vwljolw} dujxhg/ vrph djhqwv zrxog frpplw wkhpvhoyhv h{foxvlyho| wr
frqwudfwv zlwk orz lqvxudqfh lq rughu wr vljqdo wkdw wkh| zhuh uholdeoh1 Urwkvfklog dqg
Vwljolw} zhqw rq wr vxjjhvw wkdw zlwk vljqdoolqj wkhuh pljkw qrw eh dq| htxloleulxp
lq lqvxudqfh pdunhwv1
Wkh rqo| htxloleulxp Urwkvfklog dqg Vwljolw} irxqg lv wkh vhsdudwlqj htxloleulxp
lq zklfk hdfk krxvhkrog fodvv wdnhv rxw d glhuhqw lqvxudqfh1 Urwkvfklog dqg Vwljolw}
revhuyhg wkdw lq vxfk dq htxloleulxp wkh xquholdeoh fodvv vkrxog ihho xqfrqvwudlqhg
e| wkh txdqwlw| uhvwulfwlrq zkloh wkh uholdeoh fodvv vkrxog ihho txdqwlw| frqvwudlqhg1
Pruhryhu/ wkh xquholdeoh w|shv vkrxog eh lqglhuhqw wr hlwkhu ri wkh wzr frqwudfwv/
zkloh wkh uholdeoh fodvv vkrxog vwulfwo| suhihu wkhlu txdqwlw| frqvwudlqhg frqwudfw1
Zh jhw wkh vdph vruw ri htxloleulxp/ wkrxjk qrw txlwh h{dfwo| ehfdxvh rxu phqx
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ri txdqwlw| frqvwudlqwv lv qlwh1 +Wkh| h{dplqhg wkh vlpsohu fdvh zkhuh doo txdqwlw|
frqvwudlqwv duh dydlodeoh1, Wkh lpsruwdqw glhuhqfh lv wkdw rxu vhsdudwlqj htxloleulxp
dozd|v h{lvwv/ zkhuhdv UrwkvfklogVwljolw} irxqg urexvw uhjlrqv ri qrqh{lvwhqfh1
Wkhruhp 4 douhdg| jxdudqwhhv wkdw vrph htxloleulxp dozd|v h{lvwv lq rxu jhqhudo
srrolqj prgho1 Vshfldol}lqj wr wkh fdqrqlfdo lqvxudqfh prgho/ zh duh deoh wr jr d
vwhs ixuwkhu/ dqg suhflvho| ghvfuleh zkdw htxloleulxp pxvw orrn olnh1 Wr wklv hqg
zh jlyh d frqvwuxfwlyh surri ri h{lvwhqfh +dqg xqltxhqhvv, zklfk grhv qrw uho| rq
Wkhruhp 41
Zh irfxv rq wkh h{dpsoh ghvfulehg lq Vhfwlrq 81 Wklv lv iru frqfuhwhqhvv1 Wkh
dujxphqwv fdq hdvlo| eh prglhg wr jlyh wkh vdph uhvxowv iru wkh fdqrqlfdo lqvxudqfh
prgho1
Zh vkdoo pdnh khdy| xvh ri Iljxuh 4 lq zkdw iroorzv1 Iru dq| frqvxpswlrq
{ @ +{C> {, zlwk {C  4/ ghqh *+{, wr eh wkh txdqwlw| olqh sdvvlqj wkurxjk { +vr
*+{, @ 4{C.{,> ohw +{, eh wkh sulfh olqh sdvvlqj wkurxjk { +vr +{, @ {@*+{,,1
Ohw L-+{, dqg LL +{, eh wkh uholdeoh dqg xquholdeoh lqglhuhqfh fxuyhv wkurxjk {1
Ohw ]L eh wkh rswlpdo frqvxpswlrq ri X0krxvhkrogv rq wkh +xqfrqvwudlqhg, 4260
sulfh olqh/ dqg LL @ LL +]L , eh wkhlu lqglhuhqfh fxuyh wkurxjk ]L 1 +Vhh Iljxuh 71,
Vlqfh sL @ 4@6/ *+]L , @ 41 Ohw ] ghqrwh wkh lqwhuvhfwlrq ri LL zlwk wkh 5260sulfh


















Ohw T @ iT> ===>Taj zlwk 3  T      Ta dqg Ta  4/ ghqrwh wkh julg ri
txdqwlw| vljqdov1
Wkhruhp 514 +H{lvwhqfh ri Ixoo| Vhsdudwlqj Htxloleulxp, Li *+], @ TW 5
T/ wkhq wkh fdqrqlfdo lqvxudqfh prgho kdv d uhqhg htxloleulxp lq zklfk doo uholdeoh
krxvhkrogv frqwulexwh *- @ *+], wr srro mW ? M/ dqg doo xquholdeoh krxvhkrogv
frqwulexwh *L @ 4 wr srro M1
54
Revhuyh wkdw wkh h{lvwhqfh ri d ixoo| vhsdudwlqj htxloleulxp uhtxluhv rqo| wkdw T
frqwdlq dw ohdvw wzr vljqdov/ *+], dqg Ta  41 Vr/ kdg zh +olnh UrwkvfklogVwljolw},
vlpso| wdnhq T wr eh wkh frpsuhkhqvlyh vhw ri doo vljqdov/ l1h1/ T @ ^3>4,/ wkhq
Wkhruhp 514 zrxog dozd|v dsso|1 Zh kdyh rswhg iru d qlwh julg T ehfdxvh lw pdnhv
iru d qrwdwlrqdoo| vlpsohu dqdo|vlv1 Lw dovr udlvhv wkh lqwhuhvwlqj txhvwlrq ri zkdw
zrxog kdsshq li *+], @5 T1
Zkhq *+], @5 T/ zh qhhg wr eh vxuh wkdw wkhuh duh vljqdov T& ? *+], ? T&n
yhu| forvh wr *+],1 Wklv zloo qhfhvvdulo| eh wuxh li wkh julg vl}h +T, ri wkh txdqwlw|
vljqdov T/
+T,  pd{iT> pd{
$$a3
+Tn T,j
lv vpdoo/ l1h1/ wkh julg lv ghqvh1
Wkh iroorzlqj wkhruhp krogv hyhq li *+], @5 T=
Wkhruhp 515 +H{lvwhqfh ri Qhduo| Vhsdudwlqj Htxloleulxp, Wkhuh h{lvwv
 A 3 dqg f A 3 vxfk wkdw li +T,  / wkhq wkhuh lv d uhqhg htxloleulxp lq zklfk
doo uholdeoh krxvhkrogv frqwulexwh TW wr d srro mW ? M zlwk m*+],  TW m ? +T,/
dqg dw ohdvw wkh iudfwlrq 4 f+T, ri doo xquholdeoh krxvhkrogv frqwulexwh 4 wr srro M1
Wkh uhpdlqlqj xquholdeoh krxvhkrogv/ li dq|/ frqwulexwh TW rq mW/ fuhdwlqj dw prvw
d vpdoo ghjuhh ri khwhurjhqhrxv srrolqj rq mW1
Hyhq lq wkh plvvlqj txdqwlw| fdvh zkhuh *+], @5 T/ d sxuho| vhsdudwlqj htxl0
oleulxp riwhq h{lvwv1 Exw vrphwlphv lw ehfrphv qhfhvvdu| wr vsolw wkh xquholdeoh
krxvhkrogv ehwzhhq wzr srrov1 Lq wkh surri ri Wkhruhp 515 zh slqsrlqw frqglwlrqv
xqghu zklfk vsolwwlqj pxvw rffxu1 Wkhruhp 515 vkrzv/ krzhyhu/ wkdw wkh vsolwwlqj
jrhv wr }hur olqhduo| zlwk wkh julg vl}h +T,1 Wkh vsolwwlqj kdv qrwklqj wr gr zlwk wkh
sursruwlrq ri uholdeoh dqg xquholdeoh krxvhkrogv lq wkh zkroh srsxodwlrq/ dqg vr qrwk0
lqj wr gr zlwk wkh qrqh{lvwhqfh ri UrwkvfklogVwljolw} htxloleulxp +zklfk ghshqghg
rq wkhuh ehlqj d kljk sursruwlrq ri uholdeoh krxvhkrogv,1
4314 Surri ri Wkhruhp 514 +Wkh Fdvh *E] 5 T
Zh vkdoo uvw suryh h{lvwhqfh ri d vhsdudwlqj htxloleulxp xqghu wkh dvvxpswlrq wkdw
wkhuh lv d srro mW vxfk wkdw *+], @ TW 1 Dqg/ lq rxu glvfxvvlrq ri uhqhphqw/ zh
vkdoo vxssrvh wkdw wkh g0h{whuqdo djhqw lv fkrvhq zlwk g @ 41
Ohw wkh xquholdeoh krxvhkrogv frqwulexwh *La @ 4 wr srro M / zlwk a @ 4@6/ wr
rewdlq wkhlu rswlpdo frqvxpswlrq ]L rq wkh 4@60sulfh olqh1 +Wklv lv ihdvleoh vlqfh
Ta  41, Ohw wkh uholdeoh krxvhkrogv frqwulexwh *-W @ TW xqlwv wr srro mW/ zlwk
W @ 5@6/ wr rewdlq wkh frqvxpswlrq ]- @ ]1 Qrwh wkdw TW ? 4 dqg wkdw uholdeoh
krxvhkrogv zrxog frqwulexwh rqh xqlw rq wkh xqfrqvwudlqhg 5260sulfh olqh1 Vr TW lv
lqghhg wkh rswlpdo frqwulexwlrq iru wkhp rq srro mW1 Ixuwkhupruh lw iroorzv wkdw wkh
L- fxuyh fxwv wkh LL fxuyh wudqvyhuvdoo| iurp deryh0ohiw dw ]-/ dv vkrzq lq Iljxuh
8 +vwd|lqj deryh LL rq wkh ohiw ri ]-/ dqg ehorz lw rq wkh uljkw,1
Zh vwloo pxvw sulfh doo wkh lqdfwlyh srrov lq d pdqqhu wkdw vdwlvhv rxu htxloleulxp
uhqhphqw1
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Li 4  T/ vhw  @ 4@61
LiTW ? T ? 4/ wkhq wkh T0txdqwlw| olqh lqwhuvhfwv LL dw ]L / ehiruh lw lqwhuvhfwv
L-1 Vhw  @ + ]L , lq dffrugdqfh zlwk wkh grwwhg olqh lq Iljxuh 8/ zklfk frqqhfwv
+4/3, wr ]L 1
Li T ? TW / wkhq wkh T0txdqwlw| olqh lqwhuvhfwv L- dw ]- ehiruh lw lqwhuvhfwv
LL 1 Li ]-C ? 4/ vhw  @ + ]
-, lq dffrugdqfh zlwk wkh rwkhu grwwhg olqh lq Iljxuh 8/
zklfk frqqhfwv +4/3, wr ]-1























Iru hyhu| m @5 iM> mWj zh vkrz wkdw qr krxvhkrog fdq lpsuryh e| xvlqj srro m1
Zkhq 4 ? T +dqg vr  @ 4@6,/ wkh xquholdeoh krxvhkrogv duh lqglhuhqw wr
frqwulexwlqj +4 xqlw wr, srro m dqg +4 xqlw wr, srro M / zkloh wkh uholdeoh krxvhkrogv
duh vwulfwo| zruvh r xvlqj m1
Zkhq TW ? T  4/ wkh xquholdeoh krxvhkrogv duh lqglhuhqw wr frqwulexwlqj +T
xqlwv wr, srro m dqg +4 xqlw wr, srro M / zkloh uholdeoh krxvhkrogv duh vwulfwo| zruvh
r xvlqj m1
Zkhq T ? TW dqg  ? 4/ wkh uholdeoh krxvhkrogv duh lqglhuhqw wr frqwulexwlqj
+T xqlwv wr, srro m dqg +TW xqlwv wr, srro mW/ zkloh wkh xquholdeoh krxvhkrogv duh
vwulfwo| zruvh r xvlqj srro m1
Ilqdoo|/ zkhq T ? TW dqg ]-C  4/ ghqrwh e| ] wkh lqwhuvhfwlrq ri wkh 40sulfh
olqh zlwk wkh T0txdqwlw| olqh1 +Vhh Iljxuh 91, Vlqfh L- lv grzqzdug vorslqj/ ] lv rq
ru ehorz L-1 Dv iru wkh xquholdeoh krxvhkrogv/ wkh| duh vwulfwo| ehwwhu r dw ]L 1






















Zh vkdoo qrz frqvwuxfw wkh shuwxuedwlrq H+q, @ ++q,> *+q,> {+q,> %+q,, zklfk
vkrzv wkdw rxu htxloleulxp lv/ lq idfw/ uhqhg1
Ohw +q, @  iru doo m 5 M dqg q @ 4> 5> ===1
Zh qh{w ghqh *+q, e| vzlwfklqj glvmrlqw vhwv ri krxvhkrogv iurp wkhlu htxloleulxp
dfwlrqv rqwr lqdfwlyh srrov1 Wkhq zh fkhfn wkdw wkh gholyhulhv lq wkh shuwxuedwlrq
duh htxdo wr +q,/ iru srrov m wkdw zhuh lqdfwlyh lq wkh htxloleulxp1 +Uhfdoo wkdw wkh
uhqhphqw grhv qrw uhtxluh wkdw +q, frqirup wr dfwxdo gholyhulhv iru srrov m wkdw
zhuh douhdg| dfwlyh lq htxloleulxp1 Exw lq wkh shuwxuedwlrq zh duh jrlqj wr ghvfuleh/
wkh| zloo lq idfw frqirup1,
Wdnh m zlwk T  41 Ohw d +qhhgohvv wr vd|/ wxsoh0v|pphwulf, vhw ri X0krxvhkrogv
ri phdvxuh 4@q vzlwfk rxw ri srro M dqg frqwulexwh rqh xqlw rq srro m lqvwhdg> dqg
sxw %+q, @ 31 Qrwh wkdw wkhvh krxvhkrogv vwloo frqvxph wkhlu rswlpdo ]L / dqg wkhlu
gholyhulhv rq srro m mxvwli| +q, @ 4@61
Qh{w wdnh m zlwk TW ? T ? 41 Ohw d vhw ri X0krxvhkrogv ri phdvxuh 4@q vzlwfk
rxw ri srro M dqg frqwulexwh T rq srro m1 Vlqfh 4@6 ?  ? 5@6 zh fdq fkrrvh








@  @ +q,=
Djdlq krxvhkrog rswlpdolw| krogv dqg wkh +q, vwdqgv mxvwlhg1
Wkhq wdnh m zlwk T ? TW 1 Iluvw vxssrvh wkdw ]-C ? 41 Ohw d vhw ri U0krxvhkrogv
ri phdvxuh 4@q vzlwfk rxw ri srro mW dqg frqwulexwh T rq srro m1 Vlqfh 5@6 ?  ? 4








@  @ +q,=
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Rqfh djdlq krxvhkrog rswlpdolw| krogv dqg +q, lv mxvwlhg1
Ilqdoo| li T ? TW dqg ]-C  4/ ohw %+q, @ 4@q1 Rqo| wkh h{whuqdo djhqw dfwv
rq srro m lq wklv fdvh/ dqg vlqfh kh gholyhuv g @ 4/ +q, @ 4 lv mxvwlhg1
Wkh ghqlwlrq ri {+q, iroorzv iurp *+q, dqg +q,1
Lw lv hylghqw wkdw rxu shuwxuedwlrq ydolgdwhv H dv d uhqhg htxloleulxp1 
4315 Surri ri Wkhruhp 515 +Wkh Fdvh *E] 95 T
Zh wxuq wr wkh jhqhudo vlwxdwlrq lq zklfk wkhuh lv qr srro m vxfk wkdw wkh T txdqwlw|




















Ohw T&/ T&n eh frqvhfxwlyh txdqwlwlhv lq wkh julg T zklfk wuds wkh plvvlqj
txdqwlw| *+], lq ehwzhhq1 Ghqrwh
Z  lqwhuvhfwlrq ri LL zlwk wkh T&n0txdqwlw| olqh
\  lqwhuvhfwlrq ri wkh 5260sulfh olqh zlwk wkh T&0txdqwlw| olqh1
Zh kdyh douhdg| vhhq lq Iljxuh 7 wkdw wkh L-+], fxuyh fxwv wkh +], @ 5@60sulfh
olqh wudqvyhuvdoo| dw ] iurp erwwrp uljkw wr wrs ohiw1 E| frqwlqxlw|/ wklv pxvw uhpdlq
wuxh ri wkh L-+Z , fxuyh dqg wkh +Z ,0sulfh olqh iru doo Z vx!flhqwo| forvh wr ]/
dqg khqfh iru vx!flhqwo| vpdoo julg vl}h/ +T, ? / iru vrph  A 31
Fdvh 4= +Iljxuh ;, Wkh uholdeoh krxvhkrogv +zhdno|, suhihu \ wr Z 1
Wkhq ghqh ]- @ \ dqg mW @ n/ dqg surfhhg h{dfwo| dv ehiruh wr sulfh wkh
lqdfwlyh srrov dqg wr frqvwuxfw wkh shuwxuedwlrq1 +Qrwh wkdw L- @ L-+\ , lv deryh
L-+Z ,/ zklfk lq wxuq vwd|v vwulfwo| deryh wkh +Z ,0olqh iurp +4> 3, wr Z / vlqfh






















































Lq wklv fdvh zh gr qrw jhw d sxuh vhsdudwlqj htxloleulxp/ exw dq htxloleulxp zlwk d
olwwoh vsolwwlqj1 Ohw mW @ n.41 Ohw doo wkh uholdeoh krxvhkrogv frqwulexwh T&n  TW
xqlwv wr srro n.4  mW dqg frqvxph Z  ]-1 Vhw W @ +Z ,/ lq dffrugdqfh zlwk
wkh grwwhg olqh mrlqlqj +4/3, wr Z lq Iljxuh <1 Uhfdoo wkdw wkh grwwhg olqh vwd|v ehorz
L-+Z , zkhq wkh julg +T, ? 1
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Wkh qhz ihdwxuh ri wklv htxloleulxp lv wkdw vrph xquholdeoh krxvhkrogv dovr frq0
wulexwh wr srro mW1 Lq idfw/ mxvw hqrxjk ri wkhp frqwulexwh wr mW vr wkdw wkh gholyhu|
udwh idoov iurp 526 wr W 1 Wkh uhvw ri wkh X srsxodwlrq dfwv dv ehiruh/ frqwulexwlqj
*La @ 4 xqlwv wr srro M 1 Wkh sulflqj ri lqdfwlyh srrov dqg wkh shuwxuedwlrq zrun
h{dfwo| dv ehiruh1
Wkh uhdghu fdq fkhfn wkdw wkh +Z , frqyhujhv wr 526 olqhduo| zlwk +T, $ 31
Khqfh wkh vsolwwlqj +l1h1/ phdvxuh ri xquholdeoh krxvhkrogv frqwulexwlqj wr mW, dovr
frqyhujhv wr }hur olqhduo| zlwk +T,1 
44 Xqltxhqhvv ri Htxloleulxp
Zh suryh wkdw wkh vhsdudwlqj htxloleulxp +ru qhduo| vhsdudwlqj htxloleulxp zkhq
*+], @5 T, lv xqltxh1 Urwkvfklog dqg Vwljolw} glg qrw qhhg wr zruu| derxw wkh srv0
vlelolw| wkdw glhuhqw krxvhkrogv lq wkh vdph fodvv pljkw vsolw xs dqg frqwulexwh wr
glhuhqw srrov1 Zh doorz iru vxfk srvvlelolwlhv/ |hw zh zloo pdqdjh wr suryh xqltxh0
qhvv1
Wkhruhp 614 +Xqltxhqhvv ri Ixoo| Vhsdudwlqj Htxloleulxp, Li *+], 5 T/
wkhq wkhuh lv d  A 3 vxfk wkdw zkhq +T,  / dq| wzr uhqhg htxloleuld +> *> {,
dqg +> *> {, duh hvvhqwldoo| wkh vdph/ vdwlvi|lqj
+d,  @  li  ? 4
+e, {| @ {| iru d1d1w
+f, *| @ *| iru d1d1+uholdeoh,w 5 +3> 6`
+g, *| A 3, *| @ 4 dqg  @ 4@6 iru d1d1+xquholdeoh,w 5 +6> 9`=
Wkh rqo| wrxfk ri qrq0xqltxhqhvv lv luuhohydqw1 Lq +g, xquholdeoh krxvhkrogv pd|
fkrrvh srrov m zklfk hhfwlyho| glhu lq qdph rqo|1 Lq +d,/ lqdfwlyh srrov zlwk yhu|
orz txdqwlw| olplwv pd| kdyh glhuhqw gholyhu| udwhv   4/ vwhpplqj iurp wkh
idfw wkdw glhuhqw h{whuqdo g0djhqwv kdyh ehhq lqyroyhg lq wkh shuwxuedwlrq xvhg iru
uhqhphqw1 +Zhuh zh wr { g/ doo wkhvh glhuhqw gholyhu| udwhv zrxog eh g dqg +d,
zrxog krog iru doo m 5 M 1, Lw lv fohdu wkdw wkh dpeljxlwlhv dw wkh hgjhv +odujh T
dqg vpdoo T, kdyh qr uhdo hhfw rq wkh htxloleulxp1
Zkhq *+], @5 T/ wkh qhduo| vhsdudwlqj htxloleulxp frpsxwhg lq Vhfwlrq 43 lv dovr
hvvhqwldoo| xqltxh1 Uhfdoo Iljxuh :/ lq zklfk Z lv ghqhg dv wkh lqwhuvhfwlrq ri LL
dqg wkh vpdoohvw txdqwlw| olqh deryh *+],/ dqg \ lv ghqhg dv wkh lqwhuvhfwlrq ri wkh
5260sulfh olqh zlwk wkh odujhvw txdqwlw| olqh ehorz *+],1 Zh kdyh=
Wkhruhp 615 +Xqltxhqhvv ri Qhduo| Vhsdudwlqj Htxloleulxp, Wkhuh h{lvwv
 A 3 vxfk wkdw zkhq +T,  / dq| wzr uhqhg htxloleuld +> *> {, dqg +> *> {, duh
hvvhqwldoo| wkh vdph1 Li x-+\ , A x-+Z ,/ wkhq wkh frqfoxvlrq ri Wkhruhp 614 lv
ydolg1 Li x-+Z , A x-+\ ,/ wkhq
5:
+d,  @  li  ? 4=
+e, {| @ {| dqg *| @ *| iru d1d1+uholdeoh,w 5 +3> 6`=
+f, +iw 5 +6> 9` = +*|> {|, @ +> |,j, @ +iw 5 +6> 9` = +*|> {|, @ +> |,j, iru doo
+> |, 5 Uan  U2n/ zkhuh  ghqrwhv Ohehvjxh +srsxodwlrq, phdvxuh1 +Lq rwkhu
zrugv/ wkh glvwulexwlrq ri dfwlrq0frqvxpswlrq sdluv lv wkh vdph1,
+g, x|+{|, @ x|+{|, iru d1d1w +reylrxv iurp +e, dqg +f,,1
Li x-+Z , @ x-+\ ,/ wkhq +d, dqg +g, vwloo krog1
4414 Surri ri Wkhruhp 614 +Wkh Fdvh *E] 5 T
Uhfrqvlghu Iljxuh 7 zlwk wkh 4250sulfh olqh vxshulpsrvhg1 Ohw  eh wkh vkdghg uhjlrq















Qrwh wkdw wkh uhjlrq  lv dw d srvlwlyh glvwdqfh iurp wkh 5260sulfh olqh1 Vr wkhuh
lv d  A 3 vxfk wkdw zkhqhyhu +T,  / zh kdyh
+, Iru dq| { 5 / wkhuh h{lvwv d srro m zlwk T ? *+{, vxfk wkdw wkh T0txdqwlw|















Zh suhvhqw wkh surri ri Wkhruhp 614 wkurxjk d vhtxhqfh ri ohppdv1 Wkurxjkrxw/
dq duelwudu| htxloleulxp +>*> {, lv dvvxphg {hg dqg wkh ohppdv ghvfuleh lwv ydulrxv
ihdwxuhv +xvlqj wkh ghqlwlrqv ri L-/ LL / ]L / ]/ dqg *+], @ TW iurp Iljxuh 7,1
Ohppd 5 Doo X0krxvhkrogv rewdlq dw ohdvw wkh xwlolw| jlyhq e| LL =
Surri E| rxu uhqhphqw a  4@61 Exw LL lv wkh xwlolw| wkh| frxog jxdudqwhh
yld srro M +zlwk lwv jhqhurxv txdqwlw| frqvwudlqw Ta  4, li lwv gholyhu| udwh zhuh
mxvw 4261 
Ohppd 6   5@6 li m  mW1
Surri Li  ? 5@6/ wkhq wkh X0krxvhkrogv rewdlq vwulfwo| ohvv xwlolw| wkdq LL yld
srro m1 Khqfh +e| Ohppd 5, wkh| devwdlq iurp srro m lq dq| +vpdoo hqrxjk, shu0
wxuedwlrq xvhg lq wkh htxloleulxp uhqhphqw1 Exw wkhq/ e| wkh ghqlwlrq ri rxu
uhqhphqw/   5@6= 
Ohppd 7 Doo uholdeoh krxvhkrogv rewdlq dw ohdvw wkh xwlolw| jlyhq e| L-1
Surri Wkh| fdq rewdlq frqvxpswlrq dw ohdvw dv jrrg dv ] yld srro mW/ lq ylhz ri
Ohppd 61 
Ohw L / 
-
 eh wkh phdvxuh ri wkh vhwv ri X / U krxvhkrogv zkr duh dfwlyh rq +l1h1/
frqwulexwh srvlwlyho| wr, srro m 5 M 1
5<
Ohppd 8 +Uhvwulfwlrq rq Khwhurjhqhrxv Srrolqj, Wkhuh grhv qrw h{lvw dq| srro m
vxfk wkdw L  - A 31



















 ,  2   . 2  2 @ 2 1
Ohw ]-/ ]L eh wkh frqvxpswlrq ri uholdeoh/ xquholdeoh/ krxvhkrogv frqwulexwlqj wr
srro m1 E| Ohppd 7 dqg   4@5/ ]- 5 1 OhwT eh wkh txdqwlw| mxvw ehorz *+ ]-,1
Iurp +,/ zh nqrz wkdw wkh T0txdqwlw| olqh fxwv L-+ ]-, dw d srlqw \ ehiruh lw fxwv
wkh 5260sulfh olqh1 Iurp wkh vlqjoh furvvlqj surshuw|/ dqg wkh idfw *+ ]L ,  *+ ]-,/































Ohw  @ +\ , fruuhvsrqg wr wkh vorsh ri wkh olqh +vkrzq grwwhg lq Iljxuh 45, wkdw
mrlqv +4> 3, wr \ 1 E| +,/  ? 5@61 Zh vkdoo vkrz wkdw lw lv lpsrvvleoh wr dvvljq
dq htxloleulxp gholyhu| udwh  wr srro l1 Li   / wkhq wkh 0sulfh olqh dqg wkh
T0txdqwlw| olqh lqwhuvhfw rq ru ehorz wkh L-+ ]-, fxuyh/ khqfh vwulfwo| ehorz wkh
LL + ]L , fxuyh1 Vr doo X0krxvhkrogv devwdlq iurp srro l1 Exw wkhq rxu uhqhphqw
jlyhv   5@6/ zklfk frqwudglfwv    ? 5@61
Li  A / wkhq e| frqwulexwlqj T wr srro l/ dq| U0krxvhkrog fdq dfklhyh xwlolw|
kljkhu wkdq L-+ ]-,/ d frqwudglfwlrq1 
Ohppd 9 Wkhuh h{lvwv d srro m vxfk wkdw L A 3 dqg 
-
 @ 31









Ohppd : +Doprvw, doo X0krxvhkrogv dfklhyh wkh xwlolw| LL 1
63
Surri Frqvlghu wkh qrq0qxoo vhw ri X0krxvhkrogv zkr dfw e| wkhpvhoyhv rq srro
m +ri Ohppd 9,1 Wkhq  @ 4@61 Ohw [ eh wkh frqvxpswlrq ri wkhvh krxvhkrogv1
Zh fodlp wkdw [ @ ]L 1 Wklv iroorzv ehfdxvh LL +e| ghqlwlrq, jlyhv wkh pd{lpxp
xwlolw| wkh| frxog dfklhyh rq wkh 4260sulfh olqh1 Vr [ lv rq ru ehorz LL 1 Rq wkh
rwkhu kdqg/ e| Ohppd 5/ [ lv rq ru deryh LL 1 Lw iroorzv wkdw [ lv rq LL 1 Exw/ vlqfh
xwlolwlhv duh vwulfwo| frqfdyh/ [ @ ]L 1 Vlqfh +doprvw, doo X0krxvhkrogv duh rq wkh
vdph lqglhuhqfh fxuyh dw htxloleulxp/ wkh ohppd iroorzv1 
Frpsohwlrq ri wkh Surri ri Wkhruhp 614 Frqvlghu m zlwk T  41 Zh vkdoo
vkrz wkdw  @ 4@6 dqg - @ 31 E| rxu uhqhphqw/   4@61 Li  A 4@6/ wkhq X0
krxvhkrogv fdq dfklhyh xwlolw| vwulfwo| deryh LL +e| frqwulexwlqj rqh xqlw rq srro m,/
frqwudglfwlqj Ohppd :1 Wklv vkrzv  @ 4@61 Iurp wkh vlqjoh furvvlqj surshuw|/ L-
olhv vwulfwo| deryh wkh 4260sulfh olqh1 Khqfh e| dfwlqj rq srro m/ uholdeoh krxvhkrogv
fdq rqo| rewdlq xwlolw| vwulfwo| ehorz wkhlu orzhu erxqg L- +vhh Ohppd 7,/ vr - @ 31
Qh{w frqvlghu m zlwk 4 A T A TW  *+],1 Ohw ]L eh wkh lqwhuvhfwlrq ri LL zlwk
wkh T0txdqwlw| olqh dqg ohw 4@6 ? + ]L , ? 5@6 eh wkh gholyhu| udwh fruuhvsrqglqj
wr wkh grwwhg olqh iurp +4/3, wr ]L 1 +Vhh Iljxuh 81, Zh fodlp wkdw  @ + ]L ,1 Li
 A + ]
L ,/ wkhq X0krxvhkrogv fdq dfklhyh xwlolw| vwulfwo| deryh LL e| frqwulexwlqj
T rq m/ frqwudglfwlqj Ohppd :1 Li  ? + ]L ,/ wkhq doo krxvhkrogv rewdlq dw
ehvw vwulfwo| ohvv wkdq wkhlu uhvshfwlyh LL ru L- yld srro m/ dqg vr +e| Ohppdv 5
dqg 7, wkh| zloo doo devwdlq iurp dfwlqj rq m lq dq| shuwxuedwlrq> dqg wkhq e| rxu
uhqhphqw   4 A + ]L ,/ djdlq d frqwudglfwlrq1 Wklv suryhv wkdw  @ + ]L ,1
Wkhq U0krxvhkrogv fdq dw ehvw rewdlq xwlolw| vwulfwo| ehorz L- yld srro m/ zklfk +e|
Ohppd 7, lpsolhv - @ 31 Qrz li 
L
 A 3/ zh pxvw kdyh  @ 4@6 ? + ]
L ,/ djdlq d
frqwudglfwlrq1 Vr L @ 3 dovr1
Qrz frqvlghu m zlwk T  TW 1 Li L A 3/ wkhq  @ +L . 2- ,@+L .- , ? 2 /
frqwudglfwlqj Ohppd 61 Vr rqo| U0krxvhkrogv fdq dfw rq wkhvh srrov1 Zh fodlp wkdw
- @ 3 li m ? m
W1 Iru li - A 3 dqg m ? m
W/ wkhq  @ 5@6 dqg wkh krxvhkrogv
dfwlyh rq srro m jhw xwlolw| vwulfwo| ehorz L- zlwk wkh vpdoo txdqwlw| olplw T +uhfdoo
wkdw wkh| jhw wr L- rq wkh 5260sulfh olqh e| phdqv ri TW A T,1 Wklv frqwudglfwv
Ohppd 71 Wkxv doo U0krxvhkrogv dfw rq srro mW dorqh/ dqg frqvxph ]- @ ] rq wkh
L- lqglhuhqfh fxuyh1
Lw rqo| uhpdlqv wr yhuli| wkdw wkh sulfhv  frqirup wr Iljxuhv 8 dqg 9 iru doo
wkh srrov m ? mW1 Wklv iroorzv iurp d qrz0idploldu dqg urxwlqh dujxphqw1 Dvvxph
wkdw wkh uhqhphqw lv pdgh xvlqj d g0h{whuqdo djhqw/ iru vrph {hg g  41 Ohw
+ ]-, fruuhvsrqg wr wkh grwwhg olqh mrlqlqj +4/3, wr ]- lq Iljxuh 8 +zlwk + ]-, ?
g,1 Li  ? + ]-,/ doo krxvhkrogv devwdlq iurp m/ vr uhqhphqw jlyhv   g/ d
frqwudglfwlrq1 Li  A + ]-,/ wkhq U0krxvhkrogv fdq dfklhyh xwlolw| deryh L- yld
srro m/ djdlq d frqwudglfwlrq1 Ilqdoo| li wkh vorsh ri wkh olqh iurp +4/3, wr ]- h{fhhgv
g/ srro m pxvw kdyh  @ g vlqfh doo krxvhkrogv devwdlq iurp m/ dqg wkh h{whuqdo
djhqw gholyhuv g1 
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4415 Surri ri Wkhruhp 615 +Wkh Fdvh ri wkhPlvvlqj Txdqwlw| *E] 95 T
Wkh dqdo|vlv lv yhu| vlplodu wr wkh fdvh *+], 5 T/ vr zh vkdoo rqo| jlyh d eulhi lqirupdo
vxppdu|1 Iluvw/ uhghqh wkh uhjlrq  e| uhsodflqj L- zlwk wkh lqglhuhqfh fxuyh
wkurxjk \ +vhh Iljxuh ;1, Wklv dgdswv +, wr wkh plvvlqj txdqwlw| fdvh1 Ohw xv vxssrvh
wkdw wkh julg vl}h lv vx!flhqwo| vpdoo wr hqvxuh wkdw wkh fxuyh L-+Z , lv deryh wkh
olqh mrlqlqj +4/3, wr Z / zkhuh Z  wkh lqwhuvhfwlrq ri T&n0txdqwlw| olqh dqg LL +vhh
Iljxuh ;,1 Ohppdv 4 wr : krog zlwkrxw fkdqjh1 Zkhq wkh uholdeoh vwulfwo| suhihu \ wr
Z +Fdvh 4/ Iljxuh ;, zh jhw wkh xqltxhqhvv ri rxu vhsdudwlqj htxloleulxp1 Zkhq wkh|
vwulfwo| suhihu Z wr \ / wkh vsolwwlqj htxloleulxp ri Fdvh 5 +Iljxuh <, lv dovr xqltxh +lq
gholyhu| udwhv dqg wkh glvwulexwlrq ri dfwlrqv dqg frqvxpswlrqv,1 Lw lv rqo| zkhq wkh|
duh lqglhuhqw ehwzhhq Z dqg \ +wkh ghjhqhudwhvfhqdulr, wkdw xqltxhqhvv euhdnv
grzq d olwwoh elw +exw lw vwloo krogv dw pdq| ohyhov/ lq sduwlfxodu lq whupv ri wkh 
dqg wkh xwlolw| ohyhov ri htxloleulxp frqvxpswlrq,1 Iru lq wklv vfhqdulr/ zh fdq wdnh
dq duelwudu| +vxlwdeo| vpdoo, srvlwlyh phdvxuh  ri U0krxvhkrogv dqg pl{ wkhp zlwk
 phdvxuh ri X0krxvhkrogv vr wkdw +2 . 

,@+. , @ &n/ zkhuh &n frqirupv
wr wkh vorsh iurp +4/3, wr Z 1 Wkh  dqg  srsxodwlrqv ri U dqg X krxvhkrogv mrlq
srro n.4 dqg frqvxph Z 1 Wkh uhvw ri wkh X dqg U krxvhkrogv mrlq srrov M dqg n/
dqg frqvxph ]L dqg \ / uhvshfwlyho|1 Vlqfh  zdv duelwudu|/ wklv jlyhv d frqwlqxxp
ri htxloleuld lq whupv ri frqvxpswlrq1 Exw qrwlfh wkdw sulfhv +l1h1/ wkh , dv zhoo dv
xwlolw| ohyhov +l1h1/ LL dqg L-, duh vwloo lqyduldqw dfurvv wkhvh htxloleuld1 
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45 Dsshqgl{
4514 Surri ri Wkhruhp 4
Il{ g vxfk wkdw g  pd{igr = k 5 K> v 5 Vj iru doo v 5 V1 Ohw xv frqvlghu wkh qlwh0
w|sh frqwlqxxp +jhqhudol}hg, jdph 0 zlwk d g0h{whuqdo djhqw zkr frqwulexwhv % A 3



























 +*, 5 U4n
dqg  A 3,  @ 3 li l 9@ mj=








E| wkh pd{lpxp sulqflsoh/ iS0 lv xsshu vhpl0frqwlqxrxv dqg qrqhpsw| ydoxhg1 Ohw
Fr+iS0 +*,, ghqrwh wkh frqyh{ kxoo ri iS0 +*,1 Frqvlghu wkh srlqw0wr0vhw pds rqS    S jlyhq e|
+*> ===> *M, :$ Fr+iS0+*,,    Fr+iSM0 +*,,=
Lw fdq eh hdvlo| fkhfnhg wkdw wkh frqglwlrqv ri Ndnxwdql*v wkhruhp duh phw/ vr wkhuh
h{lvwv +*+%,> ===> *M+%,, vxfk wkdw *+%, 5 Fr+iS0 +*,, iru doo k 5 K1 E| Fdudwkhrgru0
|*v wkhruhp/ wkhuh h{lvw M . 4 srlqwv *+%,> ===> *Ean+%, lq iS0 +*, dqg zhljkwv
+%,> ===> Ean+%, vxfk wkdw
San
' 




Vhohfw d vxevhtxhqfh ri %+q, $ 3 vxfk wkdw +%+q,, $  dqg *+%, $ *
iru doo k 5 K dqg m @ 4> ===> M . 4> dqg +frqvhtxhqwo|, N0E?r $ Nr iru doo m 5 M
dqg v 5 V1 Sduwlwlrq +k  4> k`/ vwduwlqj iurp ohiw wr uljkw/ lqwr M . 4 lqwhuydov ri
ohqjwk > ===> Ean dqg ohw wkh krxvhkrogv lq wkh mwk0lqwhuydo fkrrvh frqwulexwlrqv
* dqg frqvxph {  "+*>N, 5 U4n1 Lw lv hdv| wr fkhfn wkdw +N>*>{, lv d
uhqhg htxloleulxp zlwk +N0E?> *+%+q,,> {+%+q,,> %+q,,"?' vhuylqj dv lwv shuwxuedwlrq
vhtxhqfh/ zkhuh *+%+q,, dqg {+%+q,, duh ghqhg dv iroorzv1 Sduwlwlrq hdfk +k 4> k`
iurp ohiw wr uljkw lqwr M . 4 lqwhuydov ri ohqjwk +%+q,,> ===> Ean+%+q,, dqg iru w
lq wkh mwk lqwhuydo/ sxw=
*|+%+q,, @ *+%+q,,
{|+%+q,, @ "+*+%+q,,>N0E?, 
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4515 Wkh Rswlplvwlf H{whuqdo Gholyhu|
Frqvlghu rxu fdqrqlfdo h{dpsoh ri lqvxudqfh/ zlwk wkuhh vwdwhv/ ghvfulehg lq Vhfwlrq
81
Ohw H_ @ +> *> {, eh dq htxloleulxp zlwk h{whuqdo gholyhulhv g/ vxssruwhg e| wkh
shuwxuedwlrq H_+q, @ ++q,> *+q,> {+q,> %+q,,1 Ohw g ? g1 Zh fodlp wkdw wkhuh h{lvwv
 vxfk wkdw H_ @ +> *> {, lv d uhqhg htxloleulxp/ zkhuh  @  iru doo dfwlyh m 5 M /




 li m lv dfwlyh
g li m lv lqdfwlyh dqg   g




 li m lv dfwlyh
g li m lv lqdfwlyh dqg   g
+q, li m lv lqdfwlyh dqg  ? g
Fohduo| +> *> {, lv dq htxloleulxp/ vlqfh rssruwxqlwlhv duh qr ehwwhu iru krxvhkrogv
wkdq dw +>*> {,/ dqg wkh rog htxloleulxp fkrlfhv duh vwloo dydlodeoh1
Wr frqvwuxfw wkh shuwxuedwlrq/ vwduw zlwk djhqwv dfwlqj dv lq H_ dqg pdnh wkh
iroorzlqj fkdqjhv1 Sxw 4@q0h{whuqdo surplvhv gholyhulqj g +shu surplvh, rq hdfk
lqdfwlyh srro zlwk   g1 Fohduo| wkh uhdo djhqwv rswlpl}h e| dyrlglqj srro m/ zklfk
surplvhv dqg gholyhuv +q, @ g   1 Iru lqdfwlyh srrov m zlwk  ? g ? g zh nqrz
wkdw wkhuh lv d srvlwlyh phdvxuh L +q,.
-
 +q, A 3 ri uhdo krxvhkrogv frqwulexwlqj wr
srro m lq wkh shuwxuedwlrq H_+q, +rwkhuzlvh +q, @ g/ vr  @ olp+q, @ g A g,1








L +q, . 
-
 +q,
 +q, ? g ? g=










L +q, . 
-




Fohduo| L +q, $ 3 dqg - +q, $ 3 dv q $ 4/ vlqfh L +q, dqg - +q, rffxu lq wkh
shuwxuedwlrq H_+q,1 Wkhuhiruh  +q, $ 3 dv q $ 4 rwkhuzlvh/ iurp wkh deryh
glvsod|/ +q, $ g/ frqwudglfwlqj wkdw +q, $  ? g1 Vr/ lq wkh shuwxuedwlrq
H_+q,/ ohw L +q, dqg 
-
 +q, phdvxuhv ri X dqg U krxvhkrogv frqwulexwh rq m/ dqg
ohw wkh h{whuqdo djhqw frqwulexwh L +q,1
Lq wkh ruljlqdo shuwxuedwlrq H_+q,/ doo krxvhkrogv duh lqglhuhqw ehwzhhq wkh
srrov rq zklfk wkhlu fodvv dfwv1 Lw iroorzv wkdw krxvhkrogv ri fodvv k 5 iX>Uj duh
rswlpl}lqj lq rxu shuwxuedwlrqv1
Qh{w zh pxvw vkrz wkdw li g P / wkhq prylqj wr g A g grhv qrw holplqdwh dq|
htxloleuld1 Zh suryhg wklv lq Vhfwlrq 441 
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